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PREFACE. 

The importaoce of mathematics in the study of engineering 
problems is being generally recognized now and fully appreciated 
by ei^ineers. The rapid development in alternating current 
en^neering ia largely due to the skillful utilization of mathe- 
matics in the study of the many complex phenomena which arise 
in connection with this subject. As a consequence the literature 
on alternating currents is distinctly mathematical. To be able 
to utilize fully all the acquired knowlec^ on this subject, one 
must have a sufficient mathematical traming to enable him to 
follow the derivations of the many formulae, and be able to inter- 
pret them correctly. But even the ei^ineer who has the mathe- 
matical equipment for this work is often obliged to consult a good 
many books and journals before he finds all of the formulae needed 
for his particular problem. 

An attempt has been made here to brii^ together in a small 
volume all the important formulae which are necessary and help- 
ful in the solution of alternating current problems. The aim 
has been throughout to put the formulae in such form that they 
can be immediately apphed for numerical calculations; and in 
those cases where it seemed desirable, the formulae are illustrated 
by numerical examples. 

In a work of this kind, which is in the nature of a compilation, 
the author has necessarily drawn freely from all sources of infor- 
mation, but in moat cases the formulae were gone over carefully 
so as to make certain that they are free from errors. Frequently 
the formulae were derived independently, and in all cases an 
effort was made to put them in the simplest possible form. A 
few of the formulae appear here for the first time. 

The author is fully aware that accuracy and completeness 
are of first importance in a book of this character. To this end 
not only were formulae checked with care, but references to 
original authorities are generally given. The author will appreci- 
ate a notice of errors discovered in the work, and suggestions 
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for additions of other material which might increase the useful- 
ness of the book. Both the scope and arrangement of the present 
worlt seem logical to the author, although a great deal of material 
could have been added, but not without the risk of making the 
book too cumbersome and expensive for general use. 

Many thuiks are due to Prof. H. H. Norris of Cornell Univer- 
sity for his careful reading of the manuscript and the many valu- 
able suggestions he has made. I am also indebted to my friend 
Dr. P. G. Agnew of the Bureau of Standards for goii^ over care- 
fully parts of the manuscript and checking some of the numerical 
examples. The diagrams were prepared by Mr. B. Holland and 
Mr. A. F. Van Dyck to whom I wish to express my thanks. 

I wish also to express my appreciation for the valuable asdst- 
ance rendered by the publishers and their technical staff in the 
editing of this book. 

LOUIS COHEN. 

Washington, D. C, 
, 1913. 
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ALTERNATING CURRENT PROBLEMS 



CHAPTER I 

RESISTANCE AND EDDT-CUKRENT LOSSES IK 
METALUC CONDUCTORS 

The re^stance of metallic conductors is higher for alternating 
currents than for continuous currents due to the so-called skin 
effect. In the case of alternating currents the distribution of the 
current is not uniform throughout the entire cross section of the 
conductor, but tends to concentrate more towards the surface of 
the conductor, and as a consequence there is a corresponding in- 
crease in resistance. The increase in resistance for alternating 
currents depends on the conductivity and permeability of the 
conductor and on the frequency. The higher the conductivity, 
permeability and frequency the greater the increase in resistance. 

Besides the PR loss, there is another source of energy loss in 
alternating current circuits which does not occur in continuous 
current circuits. This is the eddy-current loss in outside con- 
ductors. When an alternating current passes through a con- 
ductor it creates an alternating magnetic field which will mduce 
currents in conductors placed in that magnetic field and thus 
causes loss of energy. This is particularly marked in the case of 
iron bodies placed in a strong alternating magnetic field as in 
the case, for instance, of a cylindrical iron core inserted within a 
cylindrical coil. This loss of energy due to eddy currents in out- 
side conducting bodies may be looked upon as an equivalent in- 
crease in resistance of the circuit. In fact the outside conductor 
acts like a closed secondary of a transformer which absorbs enei^ 
from the primary. 

In this chapter on resistance formulEc we shall consider not 
only the resistaice of conductors proper, but also the increase 
in effective resistance caused by eddy-current losses in metallic 
bodies which are placed in magnetic fields. 

The general problem of determining the distribution of alter- 
natii^ currents in conductors of any shape offers considerable 
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mathematical difficulties, and has only been worked out for a 
limited number of special cases. We shall endeavor to give here 
all the important available formulfe with numerical examples to 
illustrate their application. 

Strai^t Cylindrical Conductors, -r- The problem of determin- 
ing the effective resistance of wires for alternating currents has 
engaged the attention of many able physicists and several for- 
mulce have been deduced for this case. Owing to the importance 
of this problem in ei^neerii^ practice, we shall give here all the 
formulae available, with a brief discussion of their limitation and 
application. 
In what follows let 

R = resistance for alternating currents. 
Rt = resistance for continuous currents, 
ti) = 2 T X frequency = 2-m. 
I = length of wire in cm. 
fi = permeability, 

p — specific resistance in C.G.S. units. 
d — diameter of wire in cm. 
The permeability ft is assumed to be constant. 
The form in which the formula for the resistance of cylindrical 
conductors for alternating currents was first given is aa follows:* 

fi-K.jl+j2-g;^-jj5-g^+ -j- (1) 

For non-magnetic materials 

Formula (1) may also be written in the following form: 

Formulte (1) to (3) are applicable only for low frequencies. 

When the diameter of the wire is not very small and the fre- 
quency fajrly high, the series in the above formulse is very slowly 
convergent, and it will require more terms in the series for an 
accurate determination of the resistance. 

• See J. A. Fleming, "The Principles of Electric Wave Telegraphy and 
Telephony," second edition, p. 117. 
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CALCULATION OF ALTERNATING CURRENT PROBLEMS 3 

Example. — Copper wire No. B. & S. 

d = 0.8252 cm., p = 1700, n = 500. 
B=floil +0.081 -0.0055+ ■ ■ ■! = 1-076 Rtt. 

This ia a rapidly convergent series. The increase in resistance 
for this case is about 7.6 per cent. 
If, however, in the same example we put n = 1500 we get 
fl=ii,Jl +0.729 -0.445+ • • • j- 

The series is very slowly convei^ent; it will require therefore 
many more terms to determine the value of R accurately. For 
still higher frequencies or larger diameter of wire, the series in 
formuhe (1) to (3) will be still more slowly convergent, and there- 
fore the fonnulffi will not be suitable. In the case of magnetic 
material, as that of iron wire, the formuhe is only applicable for 
very low frequencies. 

When the frequency is very high, we have the following con- 
venient formuhe,* 

B = R^-VjialtiRo, \ 

(4) 



R = Ro\/^ 



For copper wire, it = l,p = 1700 at ordinary temperature, and 
formula (4) reduces to 

(5) 

Formuhe (4) and (5) are applicable only when has a value 

P 
much greater than unity, of the order 10 or more. 

It is obvious that the above formulce (1) to (5) have only a 
limited application. Formulae (1) to (3) can be used only when 

— - is small, and formulse (4) and (5) when — ^ is large. Physi- 

p p 

cally it means that the first set of formulae are applicable to cases 
in which current traverses abnoat the entire cross section of the 
conductor, while formulae (4) and (5) are applicable to cases in 
which the current is confined mostly to a thin surface layer of the 
conductor. 

* Lord Rayleigh, "The Self-Induction and Resistance of Straight Con- 
ductors." Pftifcwopfticoi Magazine, Ser. V, May, 1886, Vol. 21, p. 381. 
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Recently Professor Pedersen* extended the work on tlua prob- 
lem so as to cover all cases of current distribution; he also worked 
out a valuable set of tables which are reproduced here, see Table II, 
p. 43. The fonnula is as follows: 

iJ = Boi- (ma), (6) 

, , maber(ma)bei' (Tna) — bei(ma)ber' {ma) -_, 

r (mo) = -s — jjt — . , . vi/ — ^ ' "' 

^ ber {ma) -t oei {jna) 



where m ~2t 



Iny. 



and a = radius of wire. 

The value of r {tna) for ma from to 6 is pven in Table II and 
for values of ma larger than 6, the expression for r {vm) aa given in 
(7) reduces to 

r Owfl) = 0.35355 ma + 0.25 + A1326. ^g^ 

In Table I, p. 42, are given the values of m for copper wire for 
different frequencies. By the aid of Tables I and II and formulie 
(6) and (8) we can compute quite readily the altematii^ current 
resistance of wires of any diameter and all frequencies. 

To further facilitate the work of computing the resistance of 
copper wires there are ^vea in Figs. 1 and 2 curves expressing the 

value p- as a function of Van for values of Van from 1 to 1000. 

Example. — Copper wire No. B. A S., 

d = 0.8252 cm. p = 1700, n = 500, 
m = 4.824, ma = 1.99. 

From Table II we get r {ma) = 1.077, 
hence fi = 1.077 iJ^, 

which agrees with r^ult obtained for the same example by formula 
(3). 

If we put in the above example n = 1500 we have 
m = 8.346, ma = 3.443. 

• P. O. Pederaeii, /aftritwA tier DraMoaen Tdegrapkie und Tdephonie, VoL 
4, pp. 501-515. 
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As;:. 
From Table II, r {ma) = 1.470, 

hence R - 1.47 Bo. 

For a frequency 100,000, 

m = 68.22, ma = 28.16. 

Computing r (ma) by formula (8) we get 
r (ma) = 10.2, 
hence B = 10.2 Bo. 

Current Penetratloa in Cylindrical Conductors. — It was 
pointed out above that the increase in resistance for altematJi^ 
currents is due to the fact that the current is not uniformly dis- 
tributed over the entire area of the conductor. The intensity of 
the current diminishes from the surface to the center of conductor. 
The amplitude of the current at any point distance r from the axis 
IB gjven by the formula * 

7./«-*^'-^ (9) 

where h = ciurent density on surface of conductor, 
a <= radius of conductor in cm. 
< ~ base of (Naperian) logarithms. 

There is also a change in phase in the current from point to 
point along the radial axis. The intensity of the current dimin- 
ishes in a geometric pn^ression as the distance from the sur- 
face increases in arithmetical prc^p-ession. For a distance from 

the surface a — r = Vs-^ — , the density of the current will be 

- ;r-== its surface value, v ^-^ — is taken as the 

measure of the thickness of current penetration, that is, we may 
consider the current concentrated in a cylindrical shell of thick- 

area for the pass^e of the current. Denoting by S the depth 
of current penetration, that is, the distance from the surface at 

• See J. J. Thomson, "RecentResearohe9inElectricityaiKlMi^EnetiBin,"p.28I. 
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We have for copper wire (p = 1700) 

Vn 
for aluminum wire {p = 2800), 

'-^ 

Vn 
and for iron wire (p = 10,000, *» = 1000) 

Vn 

Example. — Let n = 500. 

For copper wire, 

8=4L = 0.29 
V500 

that 18 the current penetrates to 0.29 times the radius below the 
surface of the conductor. Assuming the radius of the conductor 
to be 1 cm., the total area of the conductor is jt sq. cms. The area 
through which the altematii^ current is passing is T (1' — 0,71') = 
0.496 T sq. cm. This is about one-haif the actual area and there- 
fore the effective resistance is about double. 

By formula (6), we have for this case, m = 4.824, ma = 4.824, 
and r{ma,) — 1.98. 

The altematii^ current resistance is 1.98 times the continuous 
current resistance, which agrees closely with the value obtained 
above. 

Return Conductor. — When conductors are placed close to 
each other, as in the case of cables, the current distribution is 
effected by the presence of the return conductor. The greatest 
current density occurs on the sides of the conductors which face 
each other. For two conductor cables and low frequencies up to 

* See " Theorie der Wechselstrdme " von J. L. LaCourund 0. 3. Bragatad, 
Zweite Auflage, p. 56S. 
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about 2000 cycles per second we have the following formula for 
the alternating current resistance.* 



mfi-b-Mmf)\ 



where d = diameter of wire 

and k = interaxial distance between wires. 
For copper cables foi*mula (11) may be put in the following more 
convenient form 

For aluminum cables 
«=«.|.+[o.S+3.c{l.J](-iy_[o.„.+..,(^^)-](-Jj. 

For magnetic materials, the distance between the wires has 
very little influence on the current distribution, and we may 
therefore use the same formula as that for a single conductor. 
Example. — Two-conductor copper cable of No, I B. & S. wires. 
Let n = 300, d = 0.73 cm., A = 1 cm. 

R = Ro\l + [0.70 + 0.40] 0.0256 - [0.4 + 4.256] 0.00065} 
= fio ! 1 + 0.028 - 0.0030i = 1.025 Ro, 
an increase in resistance of about 2.5 per cent. 

For a single conductor of the same diameter and the same 
frequency we have 

fl = JJo (1+ 0.018 - ■■■) = 1-018 iJo, 
an increase of only 1.8 per cent, hence the presence of the other 
conductor introduced another increase in resistance of 0.7 per cent. 

For very high frequencies the resistance of a two-conductor 
cable is g^ven by the expression: 






1 (t-Vft-^^Xii'+tVg^^O j, 
2(/i'-<i')! )' 



(12) 



Formula (12) is applicable only when — j V ' is small com- 
pared with unity. 

• G. Mie, Wied. Ann., 1900. See also "Tlieorie der WechaelstrSme," von 
3. L. LaCouF und O. 8. Bragstad, Zweile Aufiage, p. 599. 



D,Biiu.d,Goo'^le 



CALCULATION OF ALTERNATING CURRENT PROBLEMS 9 



Let d = 0.5 cm., A = 0.75 cm., p = 1700 (copper), n = 10». 

4v/^-0.05, 

which is small compared with unity, and hence we may use formula 
(12) for this case. 

R = Ko(51.1 +0.125 - 0.335) = 50.9 Bo. 
The resistance is about fifty-one times the reastance for con- 
tinuous currents. 

For a single conductor of the same diameter and the same fre- 
quency, the resistance is only about twenty times the continuous 
current resistance. 

Resistance of Concentric Conductors. — This problem has 
been investigated in a very able manner by Dr. Alexander Russell,* 
who derived a general expression for the resistance and inductance 
of concentric conductors and from it he deduced several ^mple 
formulsB suitable for low frequencies, high frequencies and very 
high frequencies. The general expression is somewhat unwieldy 
and not convenient for numerical calculations, and we shall there- 
fore give here only the simplified formulae for particular cases. 
Inner Conductor Solid Metal Cylinder. 
Let a = radius of inner conductor in cm. 

b = inner radius of concentric outer cylinder in cm. 
c = outer radius of concentric outer cylinder in cm. 
n = frequency. 
p = resistivity in C.G.S. uiuta. 

/2^ 



m = 2t^ 
For direct currents we have 

TO* ir (c' — &') ^ ' 

The first term in the right hand part of equation (13) is the 
resistance of inner conductor and the second term the resistance of 
outer conductor. 

* Alexander RusHell, " The Effective Itesistance and Inductance of a Con- 
centric Main, and Methods of computing the Ber and Bei and Allied Functions," 
Pka. Mag., April, 1909. 
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For low-frequency currents (ordinary commercial frequencies 
25 to 60 cycles) 

fl=fi((n-^) + iJ.il+m*(pi + M + P,£')|, (14) 
where 

_ (7c*-&*)(c'-b') b*c* 

'^ 192 ' '*"8(c»-6')' 

b*<f c 

For high-frequency currents, when ma is greater than 5, that is 

and for copper, n > —^ > 

the foUowii^ formula is applicable : 
„__ pm ( 1 1 



8V2mVi 
pm anh m (c - ft) v^ -|- ain wt (c - h) V2 
""2 V2 IT* cosh m(c - 6) v^ - cos m(c - 6) \/2 



(15) 



The first term gives the resistance of the uiner conductor and the 
second term the resistance of the outer conductor. 

When the frequency is very high and c is not nearly equal to b, 
we have the followii^ expression for the resistance of a concentric 
conductor: 

B = _P^ + _^=vWf^ + ^V (16) 

Examjih. — Let the radius of inner conductor, a, be 1 cm, 
and the external and internal radii of outer conductor 2 and 
1.73 cm, respectively. This will give equal sectional areas for 
the two conductors which is usually the case in practice. If 

we assume a frequency of 25, we get m = 2 «■ y — - = 2 tt y yfrjn 

= 1.08, and for this value of m with the radii as given in this 
example, formula (14) b applicable. Introducii^ these constants 
in (14), 
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m* = 1.36, p, = 0.1302, p, = 6, p» = 
and 

B = rJi + ^) i+R„l+ 1.36 X 0.0004) 

= Ri (1.007) + Rt (1.00054). 

The resistance of inner conductor is increased by 0.7 per cent 
■while the resistance of outer conductor is increased only by 0.05 
per cent. The increase in resistance of inner conductor is about 
fourteen times that of outer conductor. 

If m the above example we make n = 1000, m = 2x1/ — = 7.4, 

' P 
ma ie greater than 5 and we may therefore use formula (15) 

sinhm(c- 6)^2 = 8.2, cosh m(c- 6) V2 = 8.3, 

sin m(c~ 6) \/2 -0.332, co8m(c - 6) v^ - - 0.943, 



8.2 + 0.332 

8.3 + 0.943 



R = 1987 (0.707 + 0.068 + 0.005) + 818 X g 
= 10* (1550 + 753). 

For direct current the resistance is fl = 10* (541 + 541). 

The resistance of inner conductor was increased to about three 
times the direct current resistance, while the resistance of outer 
conductor was increased only to one and five-tenths times the 
direct current resistance. 

Concentric Conductors with Hollow Inner Conductor. — If 
we denote by ai and Oj the internal and external radii of inner 
conductor, and as before c and b denote the outer and inner radii 
of outer conductor, we have for low-frequency currents correspond- 
ii^ to formula (14), 



i+. 



,.r (7°!'-iii' 
L 1 



- fli*) (fli' - ai*) 



+ 



+ 8(a.'-«.-)"*«."4W-«fll'*aJJr 



192 



(<!■ - b') I 

bV , c bV t. »V1( 

Vrp)'*6-4(c'-l,')l''«'5JJS' 
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For high frequencies corresponding to formula (16), we have 
». _ pro 8inhm(at - ai) V2 + sin m(ai — ttQ V2 



2iroi\/2co8hm{aa — ai)V2 - 



n(at-ai)V2 



fii,= 



pm sinh m (c — 6) V2 + sin m (c — fr) V^ 
2 ir6 V^ cosh m (c - 6) V2 - cos m (c - 6) V2 



In the above two formulsB, (17) and (18), Ri is the resistance of 
inner conductor and fio the resistance of outer conductor. 

Flat Conductors. — Resistance and distribution of current 
density in flat conductors with alternating currents.* 

Let Fig. 3 represent a section of 

the conductor, the current flowing 

in the direction perpendicular to the 

plane of the paper. We assume that 

the conductor is very thin compared 

with its width, as in the case of flat 

ribbon conductors. 

Let 2 a = thickness of conductor 

in cm. 

p = specific resistance in 

C.G.8. units. 
n = frequency. 
/i = permeability. 



,-2,^. 



The current /, at any point distant x from the center is given by 
the expression 

E f cosh 2mx + tioa2mx}i 



U=- 



(19) 



p \ cosh 2 ma + cos 2 ma > 
Formula (19) gives only the amplitude of the current at any 
point in the conductor, but there is also a continuous change in 
phase of the current from point to point from the surface to the 
center of the conductor. 
The current density at the center of the conductor, x = 0, is 

7..^ — i- (20) 

P (cosh 2 ma + cos 2 ma)' 

* S«e Ch. P. Steinmetz, "Theory and ColcuUtion ol Tranuent Electrio 
Phenomena and Oacillations," Chapter VII. 
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The mean value of the current for the entire section of the 
. conductor b 

T — ^ ^ cosh 2 WM — C08 2 ma M ,„-■. 

" pma V2 1 cosh 2ma + cos 2 ma) 

If we denote by Rq the direct current resistance and by R the 
effective resistance for alternating currents, we have 

R^ _ Wn S cosh 2 ma + cos 2 ma )i ,„, 

Ra ( cosh 2 mo — cos 2 Tna ) 

Special Cases. — If 2 ma is sufficiently large so that we can neglect 
cos 2 ma as compared with cosh 2 Tna, formula (23) reduces to 



^ = maV2 = 2^V2^^c 



The increase in resistance is directly proportional to the thickness 
of plate, the square root of frequency and permeability, and 
inversely as the square root of the resistivity. 

If in formula (19) 2 ma is sufficiently lai^e so that cos 2 ma and 
e-s™ can be neglected compared with «*"", then for points not 
far below the surface of the conductor, formula (19) assumes the 
form 

p p 

where s = a — x is the dbtance below the surface of conductor. 
The density of the current diminishes in geometric progression as 
the distance from the surface increases in arithmetic progression. 
For the value of m« = 1, the current density is reduced to about 
one-third its maximum value, and from that point on the current 
density diminishes with great rapidity ; hence we can take the value, 

as the measure of the thickness of current penetration, that is, we 
may consider the current flowing through only two surface layers 
of the conductor of thickness s given by formula (25). 

We have obtained an identical expression for the case of cylindri- 
cal conductore; see formula (10). It is obvious, of course, that in 
the design of conductors for alternating ciurente, the mere increase 
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in thickness beyond a certain point will not appreciably decreaee 
the resistance, since the current flow will always be practically 

limited to two surface layers of thickness s = — ■ 

Example. — Copper conductor, p = 1700. 
For n = 100, s = 0.67 cm. 

n = 1000, s = 0.21 cm. 

n = 50,000, s = 0.03 cm. 

For frequencies, therefore, of 100, 1000 and 50,000 it would be a 
waste of material to increase the thickness of conductors beyond 
1.34 cm., 0.42 cm. and 0.06 cm,, respectively. An additional m- 
crease in thickness of conductor would diminish the direct current 
resistance, but it would increase in the same proportion the ratio 
Ro 

constant. 

In the case of iron conductors, even for comparatively low fre- 
quencies the current flow b limited to very thin surface layers of 
the conductors. 

Example. — Iron plate, p = 10*, ix = 10*. 
For n = 50, s = 0.07 cm, 

n = 100, 8 = 0.05 cm. 

n = 500, s= 0.022 cm. 

n = 1000, s = 0.016 cm. 

Resistance of CoUs with Alternating Currents. — The effect of 
frequency on the increase of resistance of coils is more marked 
than that of straight conductors. The problem has been treated 
mathematically by several investigators and formulee have been 
derived by which the alternating current resistance of coils can be 
determined quite accurately. 

In formulie (26) to (35) given below, the following notation b 
used. 

a = radius of coil in cm. 
r = radius of wire in cm. 
8 = number of turns per cm. 
p = specific resistance in C.G.S. unit«. 
u = 2)r X frequency = 2t71. 
fto = continuous current resistance. 
R = alternating current resistance. 
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A very simple formula, but of very limited application, has been 
given by Prof. Wien:* 
R 



■ =1 + 



o-f-^T 



This formula ia applicable only when the frequency is low c 
the radius of the conductor is small, that is, 






and s < 



2rX2.7 



Besides this the coil must be long compared with its diameter. 
The length of the coil should be greater than seven times its 
diameter. 

A general formula derived by the author, f which is applicable 
for all frequencies and any size of wire, provided only the wind- 
ings are close t<^ether and the coil is fairly long compared with its 
difuueter, is the followii^: 

, , *-" , — sinh4air+— sin4i3,r 

P ,'ri^*(««* + ^.*) coah4a,j-- coa4^,r '^ ' 



Vsfm 



16)rV 



When T is small (1 or 2 mm.) and the frequency is fairly high then, 
to a very high degree of approximation. 






When the frequency is high and the radius of the wire is not very 

small, so that we may neglect m* compared with ;; — , formula 

r 

• M. Wien, Ann. d. Phyxik, 14, 1, 1«M. 

t Louis Cohen, BvOeiin B-arean o/ StandmAt, 4, 162, 1907. 
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(27) reduces to 



■■\^ 



ii = B.jl+4xrV^=i[. (29) 

When the frequency is so low that ; — may be neglected com- 

P 

pared with m*, formula (27) reduces to 

s.«.|i + 15^'j. • (30) 

Prof. Sommerfeld * derived the following two formula corre- 
Bpondii^ to (29) and (30). 

For very high frequencies, when ^ \ > 6, 

_B _i-./2^_. 



-«(2«-s). (31) 



The value of * (2 urs) has not been determined, but from the 
experimental results of Black f the followii^ values of ^ were 
obtuned: 

2 rs = 0, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9 1.00 
* = 1, 1, 1.1, 1.27, 1.45, 1.67, 1.92, 2.2, 2.6, 3.1, 3.7. 
For low frequencies, 

+5iaoo»'">'+--l (32) 

Example. — 

r = 0.05 cm., « = 2irX5X10=, s = 8, p = 1700. 
By formula (29) we get 



By formula (31) we have for 2 rs = 0.8, = 2.6 

• Sommerfeld, Ann. d. Phya., 24, 609, 1907. See abo A. Essau, Jahrback 
d. Drahlimen Tdeg., Vol. 4, 490, 1911. 
t Black, Ann. d. Phynk, 19, 167, 1906. 
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If ID the above example we put u = 2 t X 5 X lOS we may 
apply formulse (30) and (32). 
By (30) 

a . , 107(125)'X10-"X64X4.r'X2SX10' , „„ 
R. " "•" (1700)' -1.1M(. 

By (32) 

R _, , jt' X 4T' X 25 XICX 625X10^ 
R, "*" (1700)' 



' 216' 

It is seen that in the above examples the agreement between 
the two sets of formulfe is fairly good. It may be of interest to 
compare the difference in the increase in resistance for a coil and 
straight wire. Using the same data as in the above example, 
r = 0.05 cm. and ji = 5 X 10*, we have by formula (6) for the 
case of straight wire. 



K, 



•r(nia), (6') 



..2^'- 



hence ■„- = 2,91. 

For the same size of wire and the same frequency the wire wound 
into a coil, -^ = 6.43; hence winding the wire into a coil has more 

than doubled its high-frequency resistance. 

When the frequency is neither very high nor very low, and the 
windings are close together, the general formula (27) ^ould be 
used. 

Dr. Nicholson * has derived an expression for alternating 

• J. W. NicholBon, Phil. Mag., 19, 77, 1810. 
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curreat resistance of coils wMcli is only applicable wlien ttie 
winding are at some distance from ea^li otlier, as follows: 

* 1 rW 1 / rV%Y 

Ko" 12 p" 180V p' / 

]l-5sin'«l + ! 



-^0"" 



21 



(33) 



where a is the angular pitch of the windii^. 

FormulEB (26) to (33) are appUcable only for single layer coils. 
For coils of more than one layer we have the foUowii^; formula 
^ven by Wien: 

where ri and rj are the inner and outer radii, I the length of 
the coil and m is the number of layers. Thb formula holds 
only for coils of length at least eight times the diameter and 



(3rs/l 



when the frequency is not very high; 

For flat coils, length of coil small compared with diameter, we 
have* 

Alternating Current ResiBtance of Large Slot-wound Con- 
ductors. — In the case of alternators, induction motors, etc., 
the conductors are put into iron slots, that is, the conductor is 
surrounded by iron on three sides. The eddy current losses ui 
such conductors carrying alternating currents are considerable, 
in some cases many times the /'fi loss. That is, the effec- 
tive resistance for alternating currents, because of the eddy 
currents, may be several times the resistance as calculated from 
the dimensions and speci&c resistance of the conductor. 

This problem was discussed in an interesting paper by Mr. 
Field, t who obtained a formula giving approximately the effective 
redstance of the conductor. He also derived expressions for the 

• A. Eaaau, JoAritucA der Drahdoaen Tdegraphie und TdephonU, VoL i, 
p. 490, 1011. 

t A. B. Kdd, Proe. A.I^.E., 24, 658, 1006. 
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current distributtoD, density and phase, in the entire sections of 
the conductors. 

If we denote by Ro the direct current resistance and by R the 
alternating current resistance, we have for the m'* layer 



Ra 



, 4(w'— m)(co8ha/-coaa/)(ainha/— sintt/)+(ainh2tt/ — flia2a/) 



cosh 2 af — cosi af 



(36) 



^^T 



Tia. i. 



f = depth of conductor ii 
the gross depth). 



. (if a laminated conductor take 



= 0.145' 



/nr, 



n = frequency. 

Ti = practically unity for solid conductors, and for laminated 
conductors is generally equal to the ratio of half the 
mean length of turn to gross length of core. 

ri = for solid conductors, the ratio of net copper measured 
across the slot, to the slot width, and for laminated con- 
ductors generally the same multiplied by the ratio of net 
to gross conductor depth. 
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m denotes the m"' layer, counting the number of layers from 
the bottom of the slot upwards. 

To facilitate the computation of -^ as i^ven by equation (36) 

Mr. Field worked out a set of curves, which are reproduced in 

Fig. 6, i^vii^ the values of -p- for different values of af and m. 

As an illustration con^der the problem of a two-layer wuiding 
having the following dimensions: 
Slot width = 0.65 in. 
Conductors, 2 - 1 (0.4 X 0.75 in.). 

r, = 1, ri = ~ = 0.615, / = 0.75 X 2.54 = 1.905. 

For 25 cycles, « = 0.145 ^25 X 0.615 = 0.568, af = 1.08. 
For 60 cycles, a = 0.145 v'60 X 0.615 = 0.88, af =1.68. 
From the curves given in Fig. 6 we obtain the follovring values 



25 cycles. 

Bottom conductor, m = 1, ■=- = 1.12, 



Top conductor, m = 2, p- = 2.00. 

60 cycles. 



Top conductor, m = 2, ^ = 5.6. 

Mr. Field discusses at some length the relative advantages of 
different form of windings and the ori^nal paper should be con- 
sulted by those who are particularly interested in this subject. 

Distribution of Induction and Eddy Currents in a Long Iron 
Pipe, Enclosing a Conductor Carrying an Alternating Current. — 
It is now generally appreciated that single core cables designed to 
carry alternating currents cannot be laid in separate iron pipes, on 
account of the large eddy current and hysteresis losses which will 
be produced by the magnetic induction in the iron pipes. It is 
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interestii^, however, to know what the energy loss is likely to be in 
any particular case, and we give here the formulae as developed by 
Mr. Field* for the flux diBtribution and energy lose in iron pipes 
enclosii^ single core cables which carry alternating current. 
Let 

I = current amplitude in cable, 

h = thickneas of pipe wall in cm., 

d = internal pipe diameter in cm., 

L = mean circumferential length of pipe in cm., 

H = mean permeability, 



= 0.0002' 



/im 



u = 2 X X frequency = 2 xn, 
p = speciEc resistance (electrical) iron, 
p _ Im / cosh mh — sin mk 
L V cosh mh + cos mh ' 
Ba = induction in lines per sq. cm. at point distant x from 

surface, 
/, = current density in amperes per sq. cm. of the longitudinally 

flowing current at point distant x from surface, 
W = eddy current loss per cm. length of pipe expressed in 

watts. 
Two cases are considered: 

(1) Where the pipe is laid in dry concrete or dry earth, so that 
no eddy currents leak out or leave the pipe. 

(2) Where the pipe is laid in wet soil, or where che ends are for 
any other reason at the same potential. 

CASE 1 

/, = p{e«3in(arf+ma: + «)-e"'<»-^>sint£j( + wi(A-a:)+<^]!. (37) 
The amplitude of /, may be put in the following form: 



J ^ I-J 2 icoshm(ft -2x)-coiim{k-2x)\ , 

' ^ L » cosh mh + cos mh 

' M. B. Field, "A theoretical consideratioa ot the currents induced in cable 
sheaths and the losses occasioaed thereby," Journal Inet. of Elect. Eng., VoL 33, 
pp. 936-963, Apr., 19M. 
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For the flux distribution we have 

o» = 1 « (sm — cos) {ut+mx + ^) 

+ <"<*-*) (8in-co8)M+m(A -!) + *](, (39) 
and the amplitude of B, is 

B = hJ coshmik -2x) + cosmjh - 2a) ^ ,^, 

' L V cosh mh + cosmh 

The energy loss is 

™. _ /'wp sinh mh — sinmh , . - , 

L cosh mh + coamk 

CASE 2 



We have 



^ _ Z'm.p sinh 2 mA — sin 2 Twft 
2L cosh 2 wift + cos 2 mft 



7i and £i are of the same form as (38) and (40) except that we 
write 2 A in place of h. 
Example. — 

d=2cm., ft=0.1cm., /=25amp., p = 27rX60, ;x=1000, 
,) = ^ = 1266, p^lO-^ohm, L = ^(d + fe) = 6.6 cm. 
m = 15.4, mh = 1.54. 

sinZniA =0.061, cos 2 mA = - 0.998, 
sinh 2 mA = 10.86, cosh 2mh = 10.9, 
„_ 625X15.4X10-" ^ 10.86- 



6.6 '^ 10.91 -0.9t 

If the pipe is 200 feet long, the energy loss is 

W = 1590 X 10-s X 200 X 30.5 = 97 watts. 
For 100 amperes under the same conditions the loss is 

Tf = 16 X 97 = 1552 watts. 
Effect of Grounded Lead Covering of Single Conductor Cable. 
— The lead covering acts as a short-circuited secondary to the 
e.m.f. generated by the inductive reactance of the line. It reduces 
therefore the inductance of the line, but increases the energy loss 
due to the currents in the lead covering. 
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Let 

R = line resistance, 

fii = reeistanee of lead covering (for the Biune cross-sectioo, four- 
teen times that of copper), 
Xo = line inductive reactance if no lead covering were used 
and a conductor of the same outside diameter as that of 
the lead coveni^ were used in the calculations. 
The formula obtained by Berg* tor the effective resistance and 
effective reactance are as follows: 



Effective reactance = 



Ri* + xo*' 



(42) 



As a rule xq is small compared with Ri and we can write, 
Effective resistance = B + -— ■ I 
Effective reactance = Xa. \ 



(43) 



To calculate, therefore, the effective resistance aod effective 
reactance of a lead covered cable, we determine the resistances of 
conductor and resistance lead covering R and Ri, and xo = 2t nL. 
The inductance L is taken as that between conductors of the same 
diameter as the outside diameter of the lead covering and the dis- 
tance, the interaxial distance between the conductor and its return. 

Example. — Two No. 0000 B. & S. conductora each enclosed in 
a lead sheath of external diameter = 1" and internal diameter 
= 0.75". Interaxial distance between the conductors, D = 4.5". 
Length of conductors = 1000 feet. To determine the effective 
resistance and reactance at 25 and 60 cycles. 

We have R = 0.049 ohm, 

area of lead = J «■ X J = 0.343 sq. in., 
and Bi = 0.332 ohm. 

At 25 cycles, we have for the inductive reactance, 

lo = 2t X 25(2 lo&y +0-5)^^^\^^ X g^ = 0.0234 ohm. 

* Ernst J. Berg, Constanta of Cables and Magnetic Conduotors, Proe. 
A.I.EI1., April, 1907. 
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Therefore, 



R^ = 0.049 + 



(0.0234)' 



0.0506 ohm. 



0.332 
For a frequency of 60 cycles we have 

z„ = 0.0561 ohm 
and JJrf, = 0.0574 ohm. 

The resistance b mcreaeed by 3 per cent for the 25 cycle fre- 
quency and by 16 per cent for the 60 cycle frequency. 

The table given below applies to a single-conductor cable No. 
0000 B. & S. having a lead coverii^ I'j-in. tiiick with an outrnde 
diameter of I in. 



Fbsqitency ■> 25. 



Intsniu] distun in Incbes 


..13 


' 


la 


M 




0.2M 
0.0497 
0.0025 
0.2651 

0.42% 


0.264 
0.916 
0.00S4 
0.2676 

1.37% 


0.264 
0.1544 
0.0238 
0.2743 

3.9% 


0.264 
0.1904 
0.03S! 
0.2796 

5.9% 













FREQUxHcr — 60. 



tntcmul disUuK* in Inebea. 


113 


4 


U 


« 




0.264 
0.1193 
0.0142 
0.2701 

2.3% 


0.264 
0.220 
0.048 
0,2848 

7.9% 


0.264 
0.3706 
0.137 
0.3233 
22.5% 


0.264 
0.4570 
0.208 
0.3536 
33.9% 




V^'': ':'::::::::'. 









Effect of Ungrounded Lead Covering in a Single-conductor 
Cable. — Professor Bei^ • has also derived expreeaions for the eddy 
current and energy losses m an ungrounded lead covered cable, 
as follows: 



pL/ 



Eddy currents in lead => ^^p 
Energy loss in lead 



o>*L*I* 
4fl, ' 



(44) 
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where u = 2x X frequency, 

Ri = lead resistance in ohms, 
B = leEastaace of conductor proper m ohms, 



L = ^j^ log, jr- inductance per mile in henrys, 

i 
D = interaxial distance between the conductor and its 

return, 
Di = external diameter of lead sheath. 




Fia. 7. 

As an illustration we may use the same data as {pven in the 
example for the case of grounded lead covered cable. 
We have then 

D = 4.6in., D, = lin., 

^ + T. 475 

log.- ^= log. ^ = 0.111, 



L=|Px0.1UXg^ = ^henry, 

R = 0.049 ohm, 
Ri = 0.332 ohm, 
«=2irX60, 
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It is seen from this example that the increase in resistance is 
negligible if the lead coverii^ is not grounded. 

Leakage Conductance.* — All insulating materials are more or 
less conducting to some extent; there is no absolutely perfect 
insulator. Hence, when a difference of potential exists between 
two conductors which are embedded in an insulating medium, as 
in the case of the cores in a cable, there is a current flowing 
from one conductor to the other through the insulating material 
separating the two conductors. In consequence of the incomplete 
insulation and also because of dielectric hysteresis and electro- 
static radiation, we have an energy component of the current, 

I=Eg, 

which is in phase with the e.m.f. 

We g^ve here some formulie for the calculation of the leakf^e 
conductance of Imear conductors. 

The leakage conductance between a cylindrical conductor and 
an infinite conductii^ plane with uniform distance d between the 
plane and the axis of the cylinder is 

2tI .... 

g ^, (45) 



a = radius of cylinder in cm., 

d = distance between plane and axis of cylinder in cm., 

I = length of cylinder in cm,, 

p = specific resistance of the medium in C.G.S. units. 

The resistance between a cylinder and an infinite plane is the 
reciprocal of the conductance ^ven by equation (45), 

1 2d 



• See " Theorie der WechselstrQine," von J. L. La Cour und O. S. Bragstod, 
Zweite Aufi^e, pp. 588-596. 
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Example. 


a = 3 cm., d = 20 cm., 
p = 5 X lO", I = 100 cm., 




If we express p in rn^ohms (10* ohms) per ^ and I in miles, 


formula (45) reduces to 






2riX 1.61X10' 


(46) 



Prof. Kennelly* derived fonnulse for the leakage conductance of 
linear conductors in tenns of antihyperbolic functions. For the 
formula correspondii^ to (45), he gives 

2x1 1.01 
g = _ = ^mho per mile. (47) 

p cosh-* - p cosh"' - 
Example. — 

a 
p = 5 X 10* m^ohma per — \, approximately the value for gutta- 
percha, 

!(«.— = log. 10 = 2.302, cosh-' - = 2.292. 

By formula (46) we have 
1.01 



i X 10-" mho per mile. 



" 5 X 10^ X 2.3( 
By formula (47), we get the approximately same result, 

9 - 5X1^X2.29 - «« X '»"" "^o ^' °'"<'- 
• Proceedings Am. PhU. Socy., Vol. 48, pp. 142-166, 1909. 
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For two parallel conductors separated by a distance d, and of 
equal radii a, we have 

1.01 1 



2ploe.[d+ ^^ ) 

1.01 1 . 
= 2 mho, approx., 

2ploe,~ 
LOU 



2 p cosh^' 



log. '^ + ^'^^ = 0.693, 

cosh->- =0.689. 
a 

From these values it is obvious that (48) ajid (50) agree closely 
while (49) is in error about 35 per cent. 

For concentric cylinders, we have for the leakage conductance 

9= nJ^^o, (51) 



where I is the length of cylinders expressed in miles, p is specific 
resistance expressed in megohms, D is the inner diameter of outer 
cylinder, and d is the outer diameter of inner cylinder. 

In the above conductance formulae it was assumed that the in- 
sulation is homogeneous, having the same resistivity for the entire 
depth of the insulation. If this is not the case the computations 
are very complex. We may obtain approximate results by as- 
suming that the insulation consists of several layers of different 
reBifltivities, and in that caae the formula for concentric cylinders 
is as follows : 
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1.01 1 

g = 2 T D" 

Pilo&-^ + P»log,-j-+ ■ ■ ■ pn\og.-^ 

where (t is the diameter of the x*"" insulatioQ layer. 
For a three-core cable we have 






-. ^ 




Fra. 8. 



D = diameter of sheath, 
a = radius of each core, 
d = interaxial distance between cores. 
Magnetic Flux Distribution and Eddy 
Current Losses in Iron. — It is well 
known that in subjecting iron to an 
altematii^ magnetizing force, eddy cur- 
rents are generated in the iron in planes 
perpendicular to the direction of the 
magnetic flux. These eddy currents 
produce magnetic fields of their own which prevent the mag- 
netic flux from penetrating completely into the body of the 
iron. As a consequence we have an uneven distribution of the 
magnetic fiux in the iron and also energy losses. Both of these 
effects depend on the permeability and conductivity of the iron 
and on the frequency. The problem of determining the magnetic 
flux distribution and eddy current losses offers considerable math- 
ematical difficulties, and it has only been worked out for a few 
special cases which we shall consider here. 

Infinite Plates.* — Consider an iron plate, Fig. 9, whose sur- 
face in the direction perpendicular to the plane of the paper is 
infinite in extent, its thickness being 2 a. Assume m.m.f. acting on 
the plate producing a magnetic field in the direction perpendicular 
to the plane of the paper, and let B^ cos «( denote the magnetic 
flux density on the surface of the plate, which is produced by the 
impressed m.m.f. The magnetic flux density at any point in the 

• See " Theory and Calculation of Transient Electric Pbenomeoa and Oscil- 
lationB" (Chapter VI) by C. P. Steinmet!!, and " The Theory of Altemat 
ing Cutrenta," Voi I, Chap. XVI, by Alexander Russell. 
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direction perpendicular to the surfaces, and at distance x from 
the center is given by 



B..B.s/l 



cosh 2 mx + cos 2 mx 
cosh 2 ma + cos 2 ma 



_ sinh m (g — g) sin m (a+x) +8inh m (a+x) Bmrnja— x) 
coshm(o—x)co8nt(a+x) +coshn»(a+j)cos nt(o~x)' 



m-2xV^, 



li = permeability, 

n = frequency, 

p = specific resistance 



From equations (54) and (55) it is 
obvious that the amplitude of B 
diminishes from the surfaces to the 
center of the plate, and the phase of 
the magnetic fiux changes from point 
to point along the axis perpendicular 
to the surfaces. 

The minimum value of B is at the center of the plate; 



tanTj,"= 



B.V2 



Vcosh 2 ma + cos 2 ma 
emhrnaeinma 



(66) 
(57) 



The mean or average value of the magnetic fiux density for the 
entire section of the plate is 



B. 



Ba (cosh2ma — cos2maH ,,„, 

Jc^kO L„«=0 i • \^l 



v'2am( cosh 2 ma + cos 2 ma 
When 2 ma is huge, equation (58) reduces to 



B.- 



B. 

V2a. 



(59) 



DiBiiiz.d, Google 



32 FORMULAE AND TABLES FOB THE 

The total m^netic flux in the plate is 

fi.-2»B.-g!^S °°t''°°I'"'"" i'- m 

tn ( cosh 2ma + co8 2?»a) ^ ' 

If the flux density had been uniform throughout the entire 
section of the plate and of an intenaity equal to Bo, then the 
thickness of plate 2 d required to get the same total magnetic 
flux as that given by equation (60) would have been 



2d = 



lco8h2Tr 



}i 



m V2 ( C08h 2 wia + cos 2 w; 



(61) 



The value of d aa given by equation (61) may be considered as 
the equivalent depth of uniform magnetic flux density. 
When 2 ma is large, equation (61) reduces to 



27rV2im 



Example. — 



-v/^-^^ 



2000, p = 10*, n = 
1?- 21.74. 



'■ 


fHihamx. 


^.^ 


i. 


0.000 
0.005 
0.020 
0.025 


1.000 
1.023 
1.403 
1.651 


1,000 
0.976 
0.644 
0.465 


0.972 
0.973 
0.985 
1.000 



The equivalent depth, d = 0.0244 em. 

For such fine lamination and low frequency, the penetration of 
magnetic flux denaty is practically complete. Suppose, however, 
that in the above example we assume a frequency of 500; then, 

m = 62.83. 
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I. 


<»eb2f>u. 


c«3m>. 


t 










0.000 


1,000 


1,000 


0.43 


0.005 


1.205 


0.809 


0.44 






0.309 




0.015 


3.368 


-0.309 


0.54 


0.020 


6.230 


-0.809 


0.72 


0-025 


11.590 


-1.000 


1.00 



The equivalent depth d is 0.012 cm. which is about one-half the 
actual thickness of plate. 
The energy loss due to the eddy currents is given by the ex- 



— mpgp* J. ,t sinh 2 ma — sm2ma )i watts 
32t*o ^ cosh 2 ma + cos 2 WW i cu. cm." 



(63) 



When ma is greater than t, that is 2 y — a greater than unity, 
the factor in the brackets of equation (63) is practically unity, 



W 



mpHo^ X 1Q~^ ^ Viinp 



watts 



Ho bmg the magnetizii^ force. 

When ma b small the expression for IF as pven by (63) ia 
approximately as follows: 

_ ffl,^,' X 10-^ ^ M2 ma)* 
32t*o 



W= 



1 + M2tm)* 
m*p*H^^ X 10-' watts 



24t 



approximately. 



(65) 



For small values of ma the magnetic flux is practically con- 
stant throi^ the entire section of the iron plate, and hence we 
may assume constant permeability. Henee putting Ba^x = ^t^o, 
equation (65) becomes 

1.64 (2a)' ,o „^^ watts 



TF = 



-i'B,a«'10-^- 



(66) 



In the above equation the thickness of the plate 2 a must be ex- 
pressed in cm. p is the resistivity in C.G.S. units (about 10,000), 
n is the frequency and B is the maximum value of the flux density. 
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The values of equivalent depths d (of uniform magnetization) 
ID cm. for various materials and frequencies are ffytsa below:* 



Soft iron, m - lO*, ». = H 
Cost iron, ;i - 200, f> - II 

Copper, » = 1, <• ~ "] 
Resistance alloys, ^ — 1, 



a. 922 

r.i4 



Iron Cylinders. — The problem of magnetic flux distribution 
and eddy current losses in iron cylinders haa been discussed by 
several writers, and the results have been summarized in a very 
APPROXIMATE FORMUL*! 



Funotioo. 


Kl- 


.>. 


lo-W 


1-^-1-0.0166251' 


-^oo9y»;o = 0.70711 
O.0884 0.0*6 








'*('-5^)-?»-<'«»™''' 
1 + ^-1 + 0.03126 »• 


-~= sinjS; jS - 0.7071 x - 0.3927 
0.0S84 0.0625 O.tm 

X X' X' 

2ii 


I'd) 


l('+^)-T» + »"«-'' 


■^f, 0.7071 , 0.25 , 0.265\ 


zw 


5('+s)-r6 <■+»■«»"•' 


x{o.7m-^-§-^^) 


IfW 


i('+S)-i»+<''»»''> 


]f(0.7071+5f? + «^) 


♦ w 


1-Ax' = 1-0.01302 J* 


2 0.7071 , 0.25 

X X' '^ X' 


«w 


i('-4)-5<'-°°°™"'> 


0.7071 0.25 

X x' 


»(») 


fi'-a-)-!"-""^"' 


2.8284 2 0.3536 


id) 


1-^ = 1-0.02083 1< 


1.4142 ,0.1768 

X '^~1^ 



* This table is taken from Sbeinmets " Trans. Electrical Hieoom.," p. 366. 
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interestii^ paper by Prof. P. 0. Pedersen, which appeared in the 
Jahrbuch der DrakUosen Tekgraphie und Telepkanie, Vol. 4, pp. 
501-515. He also worked out very valuable tables to facilitate 
numerical computations. The fonnuUe and tables given in this 
section are taken from that paper. 

In the formula ^ven in this section, certain functions are 
employed which are extensions of the fcer and bei functions first 
introduced by Dr. 0. Heaviside and Lord Kelvin. The values of 
all these functions for ai^uments from to 6 are ^ven in Table II, 
p. iS. For ailments greater than 6 or leas than unity the values 
of the functions are given by the foregoing approximate expres- 
sions, the largest error in these approximate formulse h&ng less 
than 1 per cent. 

Magnetic Flux Distribution in Iron Cylinders. — Assume an 
iron cylinder subjected to an uniform alternating m.m.f. in the 
direction parallel to the axis of the cylinder. This can be realized 
hi practice by placing the iron cylinder in a long coil through 
which tUtemating current is flowing. 

Let a = radius of cylinder in cm., 

A = sectional area of cylinder in sq. cm., 
li = permeability, 

p = specific resistance in C.G.S. unite, 
n = frequency, 

/2nii 



Iq cos wt = current in coil, 

N = number of turns per cm., 

field at the surface of cylinder. 

The intensity of the magnetic field at any point distant r from 
the axis of the cylinder is given by 

i/, = H,cos(w(-7r), (67) 

_ber {mr) bei (ma) — bei (mr) ber (ma) 
ber {mr) ber (ma) + bei (mr) bei (ma) 
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At the axis of the cylinder 

fftt — 



/xTmo) 
_ bei (ma) 
ber {ma) 
The total magnetic flux throi^h the cylinder is given by 

* =*bco8{w(-5), (69) 

where *o = A;iH^<p (mo) 1 

and tan 6 = S (ma). ] 

The denMty of the eddy currents at any point distant r from the 
axis of the cylinder is given by 

J, = /,COB(w(-(i), (71) 



where ^^ " I" ™^" V " ' 



(72) 



X {ma) 
, i o fter^ (mr) bei (ma) — bei' (mr) ber (ma) 
ber" (mr) ber (ma) + bei' (mr) bei (ma) 
At the axis of the cylinder 

7.-0 and taaft — ^. (73) 

The enei^ loss due to the eddy currents in one centimeter length 
of cylinder is 

W.j^AH.'w{ma)wa.tta. (74) 

The increase in resistance of the coil due to the dissipation of 
energy in the iron cylinder or core in one centimeter length of 
cylinder is 

JJ„ = ^~AJV!w (ma) ohms. (75) 

The inductance per centimeter length of coil is 

L„ = ^ ^N'S (ma) henry. (76) 

The increase in inductance of coil per centimeter length due to 
presence of iron cylinder within the coil is given by 

ii-t.-^Ar.^. (77) 

Equations (67) and (77) pve all the necessary formulae for a com- 
plete study of mi^netic flux distribution, energy losses, ete., in 
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an iron cylinder placed in a variable magnetic field whose direc- 
tion \s parallel to the axis of the cylinder. 

We shall now consider a few examples in illustration of the 
above formnlffi. 

Example. — An iron cylinder ia subjected to an alternating mag- 
netizii^ force of intensity Hg in the direction parallel to its axis. 
What is the intenaty of magnetizing force and density of eddy 
currents at any point along its radius? 

Let c = 0.5 cm., 

ft = 10'(assumedcon6tantforentiresection of cylinder), 
p = 10* C.G.S. units, 

71 = 25 cycles per second. 

We have m = 14, 

ma = 7, VYJnM) = 22.4. 



'■ 


vTW). 


VrSo, 


k- 


A. 


0.50 


22.4 


21.28 


1 


10.58 


0.45 


13.86 


13.10 


0,62 


6,51 


0.40 




8.44 


0.40 


4.19 








0.26 




0-30 


3.87 


3.57 


0.17 


1.77 


0.20 


1.75 


1.61 


0.08 


0.70 








0.047 


0.35 


0.00 


1.00 


0.00 


0.044 


0.00 



From an inspection of the fourth column m the above table it is 
seen that for an iron cylinder of 0.5 cm. diameter even for such low 
frequency as 25 cycles, the m^netization diminishes very rapidly 
as we recede from the surface of the cylinder. This shows that 
even for low frequencies lamination is required to obtain complete 
penetration and not make the eddy currents excessive. 
By formula (70) the total ma^etic flux in the cylinder is 
*(, = T (0.25)» X 10»ff„« {ma), 
{ma) = 0.272, 
*o = 53.3 Ha. 

For zero frequency ^ (ma) = 1 ; hence the effect of the frequency 
which prevents complete penetration is to reduce the flux to 
about 27 per cent of its value for steady magnetization. 

Referring to formula (70), it is evident that if there were no 
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iron present, the total flux would be $ = AHa ; hence we may 
consider the factor tut> (ma) as the equivalent permeability of 
the iron for the variable magnetizing force. Now it may happen 
that when the frequency is high and the radius of the cylinder 
is not very small the quantity li^ {ma) would be less than 
unity, which would give the effect of permeability less than unity. 
This would mean that the penetration is limited to such thin bu> 
face layers of the cylinder that the total flux is less than what it 
would be if the iron were absent and the flux were passing throi^h 
the wr space occupied by the cylmder. For instance in an iron 
cylinder of 1 cm. radius subjected to alternating magnetizing force, 
assuming i* = 10*, p = 10*, we have for 

n= 100 lO* 10' 5.10* 10* 10* 
l«t> (ma) = 1000 70 22 7 3.2 2.2 0.7 

In this particular example at the frequency of one million cycles per 
second the total flux is less than if the iron were entirely removed. 

Let us now consider a more practical case — that of a sole- 
noidal coil having a core made up of a bundle of iron wires. We 
shall find the total flux in the core, the energy loss and the in- 
crease in resistance of coil due to energy dissipation in the iron 
core. 

We shall assume a coil 10 cm. in diameter and 15 cm. long, 
total number of turns 60-, or 4 turns per centimeter, the frequency 
60 cycles per second and the current in the coil 2 ajnperes. The 
core is made up of 1000 u-on wires, insulated from each other, the 
radius of each wire bemg O.I em. We shall also assume a constant 
permeability of 1000 for the entire section of each wire. 

The magnetizing force 

ff. = ^^X2=10.05, 



'"-""V 10* 

The radius of each wire being 0.1 cm., 
ma = 2.174. 

From Table II, page 43, we find 

(ma) = 0.8062, 
to [ma) = 0.728. 
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The flux for one wire of the core is 

*o =■ JT (0.1)* X 10' X 10.05 = 254.5 
The total flux through the entire core is 

* = 254.5 X 1000 = 254,500. 
The energy loss due to eddy currents in one wire is, by formula (74), 

^8XW '^ ^1°-^'' ^ ^-^^ X 15 = 0.026 watt. 
The loss of energy in the entire core is 

W = 0.026 X 10' = 26 watts. 
The increase in resistance of coil due to eddy current losses in one 
wire is, by formula (75), 

K = ^'^'X^^^^-'>^^ ,(0.1)* X 16 X0.728 X 15 = 0.013 ohm. 

The increase in resistance due to eddy current losses in the 
entire core is 

B„ = 0.013 X 10' = 13 ohms. 
Toroidal CoQs. — Magnetic flux distribution in an iron core of 
a toroidal coil. 

In the derivation of the formulce ^ven below it is assumed that 
the core is made up of a number of very thin plates, insulated 
from each other, the thickness of the plates beii^ very small com- 
pared with the other dimensions.* 
Let b = external radius of coils in cm., 
a = internal radius of coils in cm., 
2d ^ thickness of plate in cm., 
^ = permeability (assumed constant for entire section of 
plate), 
-2)r 

/fifi 



* p 



N = number of tiu*ns per cm., 
S = number of plates, 
/ = intensity of current in coil. 
The flux in each plate is 



* The formulae for the toroidal coil are taken from lecture notes by Prof. 
M. I. Pupin and are published here with hia permieaion. 
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The total fluz in the core is 



* = 



ZSATyJ 



log,- 



s^"* + €-»** -2 cos 2md 



(79) 



■* + «-> *' + 2co82md 
For direct current, that is, for complete penetration of the mag- 
netic flux in the core, we have 



*' - iNiJSdlog,- 



(80) 



* _ 1 / .■-' + r'-'-2 
*' 2dm\ ^•' + !-••' +2 



(81) 



- 2 COB 2 Twd 
|-2co82md' 

When md is greater Uian unity, which is generally true in the case 

of high frequencies, 

As an illustration we may take the data of the coil used by Mr. 
Alexanderson in his experiments on the effect of frequency on the 
permeability of iron.* 

d = 0.0038 cm., 6 = 2.55 cm., a = 0.65 cm., a = 10, JV = 20, 
(n = 2.25 X lO", p = 10*, assumed.) 



,. 


-. 


|, (by«imtioi.82). 


20,000 
40,000 
80,000 
120,000 
160,000 
200,000 


4.2 XIC 
5.96X10' 
8.4 XIO* 
10.3 XIO" 
11.9 XIO" 
13.3 XIO" 


0,31 
0.22 
0.16 
0.13 
0.11 
0.10 



These values agree very closely with the experimental valuea 
obt^ned by Mr. Alexanderson as seen from the curves plotted in 
F^. 10. The increase in resistance of the coil due to the eddy 
current losses in the iron core is given by the formula 

_ 2siiN% , b sinh 2 md + sin 2 md ,„„., 



B= = 



a cosh 2 md + cob 2 md 



Usii^ the same data given in the above example, 
d = 0.0038 cm., b = 2.55 cm., a = 0.65 cm., s = 10, AT = 20, 



• Magnetic Properties of Iron at Freque 
Pji.I.E.B., Nov., 1911. 



I up to 200,000 Cycles, 
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we have for frequency 20,000 cycles per second 
m-2»y?- 



/3 X lO" X 2.25 X lO" 



10' ' 

2m<i-3.1, 

sinh 2 md + sin 2 md , ■ , , 

cosh2rt + CM2rf - 1 appro^mately, 

log, --log, 3.91 = 1.36. 
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Introducing these valued in (83) we get 



That is, the energy losses in the iron in this particular case are 
such as would be produced by an additional resistance of 7.3 ohms 
in the circuit. 
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TABLE I 
Valub or m for Coppeh Conductobs 
The Tolume resistivity of high conductivity annealed copper at 6 
(15.6" Oia 1696.5, 



.. 


- 


n. 


-. 


5 


0.4824 


1,000 


6,8221 


10 


0.6822 


2,000 


9.6477 


15 


0.8355 


5,000 


15.255 


20 


0.9648 


10,000 


21.573 


25 


1.0787 


25,000 


34.109 


30 


I. 1816 


50,000 


48.240 


35 


1.2763 


75,000 


59.080 


40 


1.3644 


100,000 


68.221 


« 


1.4472 


150,000 


83.56 


50 


1.5255 


200,000 


96.48 


60 


1.6710 


300,000 


118.16 


75 


1.8683 


400.000 


136.44 


lOO 


2.1573 


500,000 


152.55 


200 


3.0609 


600,000 


167.10 


300 


3.7366 


750,000 


186.83 


400 


4.3147 


1,000,000 


215.73 


500 


4.8240 


2,000,000 


305.09 
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TABLE II 
(For UBe in Foramlat (7) and (67) to (77)) 




DiQitized^yGOOgle 



FORMULAE AND TABLES FOB THE 



TABLE II (ConUiuied) 



- 


♦ w. 


8 b). 


IW. 


"(*). 


rW- 


ttc). 


hW. 


- 


1.50 
1-55 
1.60 

1.65 
1.70 









9410 
9337 
9258 
9175 
W87 










9083 
8973 
8857 
8734 
8605 


S 






2706 
2876 
3046 
3219 
3394 









4916 
5159 
5395 
5623 
5841 




026 
029 
033 
037 
042 










2776 
2959 
3147 
3340 
3537 










4936 

4927 
4917 
4907 
4896 


1.60 
1.55 
1-60 
1.66 
1.70 


1.75 





8995 





8471 





3571 





6049 




047 





3738 





4883 


1.75 


1-80 
1.85 
1,90 
1.95 








8797 
8692 
8583 









8332 
8188 
8041 
7891 








3748 
3926 
4104 
4281 








6245 
6429 
6699 
6756 




052 
058 
064 
071 








3944 

4164 
4368 
4685 








4870 
4866 
4840 
4823 


1.80 
1,86 
1.90 
1.95 


2.00 





8472 





7738 





4467 





6898 




078 





4806 





4806 


2.00 


2,05 
2.10 
2.15 
2,20 








S357 
8241 
B122 
8002 









7583 

7428 
7272 
7116 









4632 

4806 
4976 
5144 









7028 
7138 
7237 
7321 




086 
094 
102 
111 









5029 
5256 

5485 
5716 








4787 
4767 
4746 
4724 


2.05 
2.10 

2,15 
2,20 


2.25 





7881 





6961 





5309 





7391 




121 





5949 





4701 


2.25 


2.30 
2.36 

2,40 
2.45 









7759 
7637 
7515 
7393 








6808 
6656 
6507 
6360 








5470 
5627 
5780 
5B28 









7447 
7490 
7521 
7540 




131 
141 
152 
164 








6185 
6421 
6659 
6897 








4676 
4661 

4924 
4596 


2.30 
2.35 
2.40 
2.45 


2-50 





7272 





6216 





6072 





7540 




176 





7137 





4567 


2.50 


2.55 
2-60 

2.65 
2.70 








7152 
7034 
6917 
6801 








607( 

5807 
5678 









6210 
6343 
6471 
6S94 









7547 
7535 
7516 
7488 




188 
201 
214 
228 









7376 

7616 
7855 
8094 









4537 

4506 
4474 
4441 


2.55 
2.60 
2.65 

2.70 


2.75 





6687 





5553 





6711 





7453 




242 





8333 





4407 


2.75 


2.80 
2.85 
2.90 
2-95 








6576 
6467 
6360 
6255 








5432 
5316 
6203 

5095 








6823 

7029 
7124 








7412 
7366 

7314 
7259 




256 

271 
286 
302 









8570 
8807 
9042 
9276 








4373 
4337 
4301 
4264 


2.80 
2.85 
2.90 
2.95 


3.00 





6153 


" 


4990 





7214 





7199 


1 


318 





9508 





4226 


3.00 
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TABLE II (Continued) 



,. 


*W- 


8M. 


JW. 


•»(-). 


rtl). 


,«. 1 


l,(z). 


- 


3.00 
3.05 
3,10 
3.15 
3.20 










6153 
6053 
5956 
6862 
5770 


4990 
4890 
4793 
4700 
4611 










7214 

7298 
7378 
7452 
7522 


7199 
7137 
7072 
7005 
6937 




318 
334 

351 







951 

974 
997 
019 
042 


4226 
4188 
4149 
4109 
4070 


3.00 
3.05 
3,10 
3,15 
3,20 


3.25 





5680 


4525 





7588 


6867 




402 




064 


4030 


3.26 


3.30 
3.35 

3.40 
3.45 








5593 
5409 
5427 
5348 


4443 
4364 
4288 
4215 








7649 
7707 
7760 
7810 


6797 
6726 
6654 
6583 




420 
438 
456 

474 




086 
108 
130 

151 


3990 
3949 

3868 


3,30 
3,35 
3,40 
3.45 


3. SO 





5270 


4144 





7856 


6512 




492 




m 


3828 


3,50 


3.55 
3.60 
3.65 
3.70 








5196 
5123 
5052 
4984 


4077 
4012 
3949 








7900 
7940 
7978 
8013 


6441 

6371 
6301 
6233 




510 
529 
547 
566 




193 
2U 

234 
255 


3787 
3746 
3707 
3666 


3.55 
3,60 
3,65 
3.70 


3,75 





4917 


3831 





8045 


6165 




584 




276 


3626 


3.75 


3.80 
3,85 
3,90 
3,05 









4790 
4729 
4670 


3775 
3721 
3669 
3619 








8076 
8105 
8132 
8157 


6098 
6032 
5968 
5904 




603 
622 
641 
659 




295 
314 
334 
353 


3586 
3547 
3508 
3470 


3.80 
3,85 
3,90 
3,95 


4.00 





4613 


3570 





8181 


5842 




678 




373 


3432 


4.00 


4,05 
4.10 
4.16 
4.20 








1567 
4503 
4450 
4399 


) 3523 

) 3478 
) 3434 
) 3391 








8203 
8225 
8245 
8264 


5781 
3 5721 
D 5662 
5605 




687 
715 
734 
752 




302 
411 
430 

448 


3394 

3357 
3310 

3284 


4.05 
4.10 
4,15 
4.20 


4.25 





4349 


) 3349 





8283 


Q 5548 




771 




467 


) 3248 


4.25 


4,30 
4.36 
4.40 
4.45 








4300 
4253 

4207 
4162 


3 3309 
D 3270 
Q 3231 
3194 









8301 
8318 
8334 
8350 


6403 
5439 
5386 
5335 




789 

826 
846 




485 
504 
522 
640 


3 3213 
3 3179 
D 3145 
3111 


4.30 
4,36 
4.40 
4.45 


4.50 





4118 


3158 





8360 


5284 


1 


863 


^ 


658 


3078 


4,50 
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Inductance. — The subject of inductance may be conveniently 
divided into three parts: viz., self and mutual inductance of air- 
core coils, self and mutual inductance of linear conductors, and 
inductance of iron-core coils. In the case of air-core coils the in- 
ductance depends only on the number of turns and the geometri- 
cal configuration of the coil. For the same length of wire we may 
have as many different mductances as there are different shapes 
in which the coils can be wound. Obviously since the inductance 
depends upon the shape of the coil, we shall require a large num- 
ber of formulae to cover all possible cases. A collection of formulae 
for self and mutual inductance of Mr-core coils by E. B. Rosa and 
Louis Cohen has been published in the Bulletin of the Bureau of 
Standards.* We have attempted to give there a complete list of 
all av^lable formulae, and for this reason in many cases we gave 
several different formuhe for the aame case. This may be desir- 
able in extremely accurate work, as it makes it possible to check 
the calculations by different formula and thus discover any 
possible error. 

We shall make use of that paper here in the discussion of self 
and mutual inductance of air-core coils, but we shall only give 
those formulae which are considered of moat practical value, and 
for a more exhaustive treatment of this subject the reader may be 
referred to that paper. We also give here an extensive list of 
formulse for the self and mutual inductance of linear conductors. 
On account of the practical importrauce of linear conductors in the 
study of transmission line problems, the subject is covered quite 
fully. 

Mutual Inductance of Two Coaxial Circles. — There are a 
lai^ number of formulse available for the calculation of mutual 
inductance of two coaxial circles. Some are applicable only for 

* BvtUtin Bweav of Standards, Vol 5, pp. 1-132. 
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short distances between the circles, others are applicable only for 
large distances between circles while 
some are more general. There is 
one formula which is exact for all pos- 
sible cases, but that formula involves 
the use of elliptic int^rals which 
makes the computation laborious. 

We shall give here only three 
formulae which will cover all practi- 
cal cases. 

Let a and A denote the radii of the 
two circles, 
c denote difference in the two 

radii, c = A — a, 
d denote distance between the 
circles, 




The formula for the mutual inductance is 



FlQ. 11. 



M=4t->/A^J|h- 



log, 



SVAc 



2+-. 



3 


!&«■+ 


35 
(128)' 


, 1575 
° 2 (128) 


_ 31 


"'+ 


247 


-„'- 


7795 . , 



16 2048 ^6 (128)' 8 (128)' 



. (1) 



This expression gives very accurate results for values of d almost 
as great as the radius a. When great accuracy is not required this 
formula may be used even for considerable larger values of d. 

A more general formula which is applicable in almost all possible 
cases with respect to size and distance of circles is the following: 

Jlf -4iV^.4rsl (l+<), (2) 

where , = | + 2@'+ loQ'+ • • ■ , 

, 1-Vk ,_ 2VRA 

r+vi' "' + a 

Br = VCA + «)■ + d', Bi - V(J - a)' + d', 

.-3s'-4e" + 9g>-124'+ ■ ■ ■ . 

e is usually a very small quantity and can be neglected in most 
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When the circlee are of nearly the Bame radius and the distance 
between th^n is.small compared with the radius, we have for an 
approximate value of the mutual inductance the foUowi:^ simple 



Jtf = 4^a(log.^-2). 



(3) 

When only a rough approximation is deeired formula (3) may 
be used even when the circles are at some distance from each other. 
Example. — 

o = 20 cm., A = 20 cm., d = 1 cm. 

By fonnula (1), 

log, ^2LAi _ log. 160 - 5.ff?52, 



M - 4x X 201[1 + 0.00048 - ■ ■ ■ 15.075 - |2 + 0.00016 -■■■]! 

- 773.08 cm. - 0.000773 mh. 

By fonnula (3), 

M - 80i (5.075 - 2) - 772.88 cm. 

For such small distances the error in formula (3) is ordy one 

part in a thousand. 

Example. — 

a = 20 cm., A = 25 cm., d = 10 cm. 

By formula (1), 

, 8Va3 , 8V500 , ,. ,„„ 
log- = loK — 7=- = log 16 = 2.7726, 

r Vl25 

" aA l' 
M-4j-V606|[l+0.04687-0.00092+ ■ . ■ ]2.7726 
- [2 + 001562 - 0.00094 + . . . J| - 248.815 cm. 
- 0.0002488 mh. 
By formula (2) we have 



B, - V (45)" + 100 - 46.098, R, - U.180, 
k - 0.7927, Vk = 0.8903, 
I - 0.05803, 5 = 0.02901, qi - 0.07027, . - 0.0024, 
M - 16ir' V500 X 0.07027 X 1.0024 
= 248.72 cm. 
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By formula (3), 












ic'^ 


■-log. 


160 
V50' 


- 3.1192, 


M 


-SOj 


(3.1192 


-2). 


. 281.28 



It is seen that in tliis case for d = o' fonnuhB (1) and (2) pve 

practically identical results, while formula (3) is in error by about 
13 per cent. 

Attraction Between Circular Currents. — The force of at- 
traction or repulsion between two coaxial circular currents may be 
expressed as the rate of variation of the mutual inductance with 
respect to the distance between the circular currents, and is given 
by the following expression: 

F = ^ = -^192TrV(l +20 2*+ 225 2* + 1840 g' + • • ■ ), (4) 
where ^ = ^ + 2(|) + 15^+ ■ ■ • , 

-VF 



1 = 



1 + Vjfc' v'(A+o)*+2: 



a and A are the radii of the two circles and z is the axial distance 
between them. 

To facilitate calculations we give a table at the end of the chapter 
(Table IV, p. 79) whiehj t<^ther with the formula, is taken from 

Prof. Nagaoka's paper,* giving the logarithm of — ■ -^ for 

values of q from 0.020 to 0.150 which are sufficient for most 
practical cases. 
Exam-pie. — 

a = A = 10 cm., 2 = 10 cm., 

*' = -J^ = vl = 0.4472, \/k'= 0.6687, 
V50O » 5 ' 



1+0.& 
q = 0.0992. 

* H. Nsgaoko, "Attractioobetween Two Coaxial Circular Currents," Toib^ 
Siigaku — Butwrioakkwai Kizi, 2ad 8er., Vol. 6, No. 10. 
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From Table IV by interpolation we get 
-VJa dii 



l„g,.(zL:^ ^.0.85027, 



therefore ~ ''^ 5M . 7.055 

z 5z 

aod =|^.,.2iix 7.055 -7.055. 

Mutual Inductance of Two Coaxial Coils. — Let there be two 
coaxial coils of mean radii A and a, axial breadth of coils, bi and bj 
radial depth, Ci and Ci, and distance apart of their mean planes d. 
Suppose them uniformly wound with tii and tis turns of wire. 
The mutual inductance Ma between the two central turns of the 
coils is given by formube (1) to (3) and the mutual inductance M 
of the two coils of Ui and n^ turns is then, to a first approximation, 
M = mmMo- (5) 

Formula (5) would be absolutely correct if all the turns were 
concentrated in the space occupied by the central turns, but 
owing to the appreciable sections of the coils a correction factor 
must be applied. The correction term is usually small, not over 
one per cent in most cases. 

In the case of square-sectioned coils we can obtain an accurate 
determination of M by (5) if in calculating Mo we use a modified 
J radius r instead of the mean radius 

a, the value of r being given by the 
expression 



l + oTTs (6) 



Fig. 12. 



where b is the side of the square 

section. 
If the coil has a rectangular 
section it can be replaced by two filaments {Fig. 12) the distance 
apart of the filaments bemg called the equivalent breadth or the 
equivalent depth of the coil. 

pi _ _^^ — , 2 (9 is the equivalent breadth of .d, 

c'-b' <" 

5* — —r^ — . 2 ! is the equivalent depth of B. 
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The equivalent radius of A is given by the same expression 
which holds for a square coil, viz., 

In the coil B the equivalent filaments have the radii r + S and 
r — 5 respectively, where 

The mutual inductance may now be accurately determined. 
If each has a square section, it is necessary only to calculate the 
mutual inductance of the two equivalent filaments given by (6). 
For coils of rectangular sections aa A, B, the mutual inductance 
is the sum of the mutual inductances of the two filaments A on 
the two filaments on B and Mo in (5) is the mean of the four 
inductances Mjj, Mh, Mjz, M^ where Ma is the mutual induc- 
tance of filament 1 on filament 3, etc. 

■f—Zfi"- 7.TS1- »*--£j9- — 



1 




•1 


10 


1- ' 


. 


W 




, 1 










f" 
















Fio. 1 


13. 






3. — 

a 


= A 


-25 cm 


., ti- 


4, a-1, 


d- 


10, 




r = 


25(1 + 


is.oooj 


- 25.00167, 








^' = 


12 


- 1.25, 


2J - 2.236 


cm., 





the distance apart of the two filaments which replace the coil. 
We now find by formula (1) or (2) the mutual inductance of the 
two circles 1, 2, on the two circles 3, 4, where a = 25.00167 and d 
- 7.764, 10 and 12.236 cm. respectively. Thus, 
2 itf,3 = 215.00228 T, 

Mu- 90.31301.-, 

Mg 130.14060 T 

iM 435.455921-' 
M - 108.8640 IT, 

M, 107.4885 T 



AM 1.3755» 
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AJ/ = the correction for sections of the coils whose dimensiona 
are given above. The correction factor is of the order of one 
per cent and, therefore, unless great accuracy U desired, formula 
(5) will be suitable for the calculation of the mutual inductance 
of coils. 

Mutual Inductance of Concentric Coaxial Solenoids. — If the 
solenoids are of equal length and we denote by A and a the radii 
of the outer and inner solenoids respectively, and by rti and Jh the 
number of turns of wire per centimeter on the single layer wind- 
ing of the outer and inner solenoids, we have for the mutual in- 
ductance 

jtf =4TVnin,(/-2Aa), (8) 



, l-r+A a« /, A^ a* A, 2^' 5A^ 



35a* /I 8A^ JA' ».. ,. 
2048 An7 Tr''^ r^ .» J + ' 



r = Vl*+7». 

Putting M = Mt — Ailf , Af o = 4 ir'a*ninsi is the mutual in- 
ductance of an iuBnite outer solenoid and the finite inner solenoid, 
while AM is the correction due to the ends. The expression for « 
is rapidly convergent when a is considerably smaller than A. 
Equation (8) shows that the mutual inductance is proportional to 
1 — 2 Aa, that is, the length I must be reduced by Aa on each end. 
For the case of two solenoids each having more than one layer, 
formula (8) may be used, A and a being the mean radii, and ni 
and Jia the total number of turns per centimeter in all the layers. 

When the solenoids are very long in comparison with the radii, 

formula (8) may be simplified by omitting the terms-ji -j,etc. 
The expresdon for a then becomes 

„ - 1 _ _£!_ _ °* _ 5"' (Q\ 

2 16 .4* 128 A* 2048 A' ^^ 

Example. — 

a = 5 cm., A = 10 cm,, I = 200 cm. 
Substitutii^E these values in (8) for a we have 
a = 0,4875 - 0.0156 - 0.0005 + ■ ■ ■ 

= 0.4714, 
M = 4t' X 23 nim (200 - 9.428) = 19057.2 ir'nin,. 
If tti = «s = 10 turns per centimeter, 
Af = 0.0188 henry. 
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For two concentric coaxial solenoids of which the inner sole- 
noid ia considerably shorter than the other, we have the following 
formula: 



-P1 + - 



W pay 



.1... , _"-' 



'■ 64 



where k 



x + l 





/ 




,^^ 




/:^ 






■ p, 


a 




— ,-— 



















I = k~ h'= length of inner solenoid, 
X = length of outer solenoid, 
A and a are the radii of the solenoids. 

This is a very accurate formula, and the series being rapidly con- 
vei^nt is very convenient for computation. 



/ = 5 cm., X = 30 cm., A = 5 cm., o = 4 cm., wi = 10, Mj = 40, 
Pi = 13.463, p, = 18.200, 
M = 4)r« X 16 X 40014.737 + 0.0122 - 0.0007J = 11.99897 cm. 
= 0.0012 henry. 

In the case of two coaxial coils or solenoids of the same diameter 
and the same number of turns per cm., we can also calculate the 
mutual inductauce by the aid of self-inductance formulae. 
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Let Li, Lg, Lt denote the self inductances of the three coils, 1, 2 
and 3 respectively. 
L = total inductance of the three coils in series, 
L' =■ inductance of coils 1 and 2 in series, 
L" = inductance of coils 2 and 3 m series, 
L = Li + L, + L, + 2 ilf u + 2 3f a + 2 3f u, 
V = Li + Z, + 2 Jtfu, 
L" = U-\-U-\-2Mv>, 
L -V ~L" '=-U-\-2Ma, 

and 3f»= -^+^~^'~^" - (U) 

The mutual inductance between coils I and 3 is expressed in terms 
of self inductance. For the evaluation of the self inductances in 
(11) see formuUe (13) and (14). 

Self Inductance of a Single Layer Coil or Solenoid. — The 
following approximate fonnula for the self inductance of long 
solenoids is often given; 

L = 4)r»a»n,% (12) 

where a is the mean radius, nx is the number of turns of wire per 
cm. and I is the length, supposed great in comparison with a. 
There is a considerable error in this fonnula due to the end effects. 
Prof. N^aoka* has recently published a very convenient and 
accurate formula for the calculation of the self inductance of single 
layer coils which is of the following form : 

L = i-w^ahiiHK. (13) 

a, ni and I have the same significance as in formula (12) and K 
is a correction factor for the end effects, and is proportional to 

-j- . Prof. Nagaoka has also prepared a table, which is reproduced 

here (Table V, p. 80), givii^ the values of K for values of -r- from 

0.01 to 10- Formula (13) is very accurate and, with the aid of 
the table, very convenient for calculations. 

For very short coils, we also have the following convenient 
formula: 

• Jour. Cdl. Sci., Tokyo, Art. 8, pp. 18-33; 1909. 
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n te the whole number of turns of wire on the coil, and a as before 
is the radiuB meaaured to the center of the wire. 



o = 10, I = 5 cm., n = 10,^ = 4. 
From Table V we find X = 0.3654. 

L = 4ir» X 100 X 100 X 5 X 0.3654 = 721,300 cm. = 0.7213 mh. 
' Computing the same example by (14) we have 

log. ^ = log. 16 = 2.7725, ^^ = 0.0078, n = 50, 

L = 4ir X 10 X 2500 J2.7725 - 0.5 + 0.0078 (2.7725 + 0.25)i 
= 720,714 cm. = 0.7207 mh., 

which agrees very closely with the result obtained by formula (13), 
formula (13) giving the more accurate result. 
For shorter coils the two formulae give results in atill closer 



In the derivation of formulte (13) and (14) a uniform distri- 
bution of current over the entire surface of the cylinder was 
assumed, a condition which could be realized only if the winding 
were of infinitely thin strip and completely covered the solenoid. 
A windmg of insulated wire or of bare wire in a screw thread may 
have a greater or less self inductance than that given above by the 
current sheet formulae according to the ratio of the diameter of the 
wire to the pitch of the winding. Puttu^ L for the actual value 
of the self inductance of a winding and L, for the current sheet 
value given by (13) or (14), then 

L=L.~M. 

The correction AL is given by the following expression: 

AL = iiran{A+B). (15) 

a is the radius, n is the whole number of turns and A and B 
are constants given in Tables VI and VII. 
The correction term A depends on the diameter d of bare wire 

and the pitch, that is, on the value of the ratio -j- 
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If in above exfunple we assume d = 0.08 
- 0.8. From tables (VI, p. 82) and CVII, p. 83) we get 



^, d 0.08 

*^^°B"oIo 



A = 0.3337, B = 0.3186, 

AL ~ 4x X 10 X 50 (0.337 + 0.3 



L, - 721,300, 

and L = 721,300 - 4098 = 0.7172 mh. 

The correction in this case is about 0.6 per 

cent. 
The Self Inductance of a Circular Coil of 

Rectangular Section. — If the coil is not very 

long, the length being less than the diameter, 

we have the foUowii^ expression for the self 
inductance of a circular coil of rectangular section, which is very 
accurate, 

36M-cA,_ 8a ... 6* 



Fig. 16. 



L = iwan^ll +^ 






%~yi + T. 



r^y^l 



(16) 



a = mean radius of coil, b ajid c breadth and depth of coH, 
n = total number of turns. 

The values of yi and yt are pven in Table VIII, p. 83, as func- 

b C 
tions of a; = - or r, that ia, x is the ratio of the breadth to depth 
c b' ' 

of the section or vice versa, being always less than unity. 
Example. — 

a = 10 cm., fe = 1 cm., c = 1 cm., n — 100. 
From Table VIII we find 

yi = 0.8483, p, = 0.8162, 



log,- 



8a 



= log. 



80 



4.0354, 



Vb^ + c" V2 

L = 4 TT X 10 X lOM (1 + bbItij) 4.0354 - 0.8483 + 0.0005 \ 
= 4x X 318,900 = 4.0078 mh. 

For the self inductance of long solenoids of several layers, we 
have the following approximate formula:* 

• Louis Cohen, EleetrUal World, Vol. 50, 1907. 
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(v'4a,' + i" 3' S r 

+ (m-2)<ii'+ . . . ](ya,' + l'-gt>ij 

+^i'»(»-"°-'+--j(v^-)!. <"> 

where Sg is the mean radius of the solenoid, ai, ot, <h ■ ■ ■ ««. 
are the mean radii of the various layers, m is the number of layers, 
5 a is the distance between centers of any two consecutive layers, 
and 71 is the number of turns per unit length. 

For long solenoids, where the length is, say, four times the 
diameter, we can neglect the last term in equation (17). 

This formula is sufficiently accurate for most purposes; it will 
give results accurate to within two per cent even for short sole- 
noids, where the length is only twice the diameter. 
Example. — A solenoid of length I = 50 cm,, mean radius 5 cm, 
and depth of winding 0.4 cm,, is wound with four layers of wire 
of 500 turns each. 

The constants in formula (17) have the following numerical 
values: 

Oo = 5, 6a = 0.1, I = 50, m = 4, n = 10, 
a, = 4.75, a» = 4.85 . . . V4V -hi* = 50.99, Vaj^-hi' = 50.225. 

Introducing these values in (17) we get 

L = 16t*w' (1144.3 + 3360 - 10.84 - 1.04) 
= 70.56 mh. 

Self Inductance of Circular Ring. — The self inductance of a 
ring of circular section is pven by the following formula: 

4irahog,— -1.75?, (18) 

where a is the radius of the circle and p is the radius of its cross 
section. 

Empirical Formula. — Recently Profs. Brooks and Turner* 
have obt^ed an empirical formula for the self inductance of 
coils, which is applicable to a fair degree of approximation for the 
calculation of the inductance of any closely-wound cylindrical 

• Morgan Brooks and H. M. Turner, "Inductance of Coila," UnweraUy of 
lUinoii Bulletin, Vol. IX, No. 10. 
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coil, long or short, thick or thin, from the long solenoid to the 
single turn of fine wire. 
The formula is as follows: 

4 ir'n'iV* 

i-iTTJTl""- ™ 

a = the mean radius of the 
winding, 

& = the axial length of the coil; 
for smgle turns use di- 
ameter of wire, 

c = the thickness of the wind- 

R = the outer radius of the 
winding, 

N = total number of turns in 
winding, 



.i 



lOb + lOc + lAR 



For spaced windings, fonnula 
(19) ia not recommended, espe- 
cially when the space between the 
turns is great as compared with 
the diameter of the bare con- 
ductor. 

For long coils, we may for a 
first approximation consider F' and F" separately equal to unity, 
and formula (19) reduces to its first term 



Pig. 19. 



iwVN 
+ C + R' 



(20) 



Formula (20) should be employed only when the length 6 is 
at least twice the outside diameter 2 R. The error involved 
scarcely exceeds 4 per cent with a multiple layer winding, and 
is within 2 per cent for a single layer solenoid, becoming more 
accurate as the length of the coil increases. , 

To check the accuracy of formula (19) we will work out by this 
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formula the Bajne examples as those given m illustration of for- 
mulBdS), (16) and (17). 
Example. — 

a = 10 cm., 6 = 5; c = diameter of wire = 0.10, 

JV - 50, R = 10.05, 

„, _ 50+1.2 + 20.1 _ , ^ 

'^ -60+1 + 14.07 -'■"*' 

i?" - 0.51og„(l00 + ^j)- 1.0278, 

, 4 t' X 100 X 250O „ 1.096 X 1.0278 „,,. . 

^ 1336 ^ W 0.734 mh. 

By fdimula (13) the value of the inductance for this coil is 0.7207 
mh., hence the error in fonnula (19) for this case is about 2 per 
cent. 
Example. — 

a = 10, 6 = 1, c = 1, JV = 100, R = 10.5, 
10 + 12 + 21 



r = 



:^)=i.m 



12.5 

By formula (16) the value of the inductance for this coil is 
L = 4.0O8 mh., and the error in fonnula (19) for this case is 3 
per cent. 
Example. — 

a = 5, 6-50, c - 0.4, N - 2000, E - 5.2, 
F' = 1.007, F" » 1, 

, _ 4.r'X25X4Xl(>' ^ 1.007 _ „ ,, „, 

^ 50 + 0.4 + 6.2 X^r "■""'■• 

By formula (17) the value of the inductance for this coil is 

L = 70.56 mh. 
which agrees with the above within 0.8 per cent. 

As an extreme case we may consider that of a sini^e turn. 
Let a = 10 cm., p = 0.5 cm. 

log. ~ = log, 160 = 5.075, 
P 
and by formula (18) we get 

L = 4t 10 J5.075 - 1.75i = 417.83 cm. 
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Workup out the same ezfunple by formula (19) we find 
L = 413 cm., 
the error bei:^ only I per cent. 

From these examples it is evident that formula (19) can be 
relied upon to give results with an accuracy of from 1 to 3 per 
cent. 

Table IX, p. 84, is reproduced from Prof. Brooks' and Turner's 
paper g^vii^; the values of F' and F" for various coil proportions. 
Self Inductance of Rectangle. — 
Let a = length of rectangle, 
b = breadth of rectangle, 
p = radius of conductor, 
d = Va' + fe*. 
The formula for the self inductance is 

L = 4Sca + 6)log,^^-alog.(o + d) 



For a rectangle made up of a conductor of rectai^ular section 

L = 4 j ia + b)los.^^ - alog. (a + d) - feiog, (b + d) 

^l+^ + 2d + 0M7 {a + 0) I. (22) 

For a = 6, a square, 

L = 8 o i log. -^ + 0.2235 ^^^^ + 0.726). (23) 

Mutual Inductance of Two Equal Parallel Rectangles. — 

For two equal parallel rectai^les of sides a and b and distance 
apart d the mutual inductance, which is the sum of the several 
mutual inductances of parallel sides, is 



M . i\aioe.l-:i±^£l£=^.^^E+E) 

t \a + Va' + b' + d' d I 



+ '-'t(' ^ 3- 

V. + Vg- + 6' + J <i 

+ 8Iv'(." + t' + (i'- Vo" + d-- Vf + d' + d]. (24) 
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For a square, where o = 6, we have 

1- \a + V2a' + d' ^ ' 

+ 8 lV2a' + d' - 2 Va' + d' + di. (25) 



Self Inductance of Toroidal Coil. — When the section of the 
coil is rectangular, and it is wound uniformly with a single layer 
of n turns, the inductance is given by tile following expression: 

L=2ii'*log,-- (26) 



-e 



Fig. 1& 
ri and ri are the outer and inner radii and k is the axial depth of 
the coil. For a coil of circular cross Bection we have for the in- 
ductance,' 

L = 4irw'(fi- Vffi-as), (27) 

• "A Trefttiae on Alternating Current Theory, " by Alex. Russell, Vol. I, p. 52. 
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where R is the mean radius of the coil and a is the radius of its cross 
section. 

Inductance of Linear Conductors. — In problems dealing 
with the transmission of electrical energy by alternating ciurenta 
over long distances, we must know accurately the electrical con- 
stants, inductance, capacity and resistance of the lines. We shall 
therefore try as far as possible to ^ve here a cranplete list of all 
available formula for the inductance of linear conductors of various 
arrangement of circuits. / 

The simplest case is that of a sii^e strfught cylindrical wire, 
whose inductance is * 




approximately. 



I = length of wire in cm. and a = radius of wire in cm. When 
the permeability of the wire is n and that of the medium outside 
the wire is unity, formula (28) assumes the following form: 



The mutual inductance between two parallel wires separated by 
a distance d is 




If in the case of two parallel wires one is the return circuit of the 
other, then the effective inductance of both wires is Li + JLs — 2 M and 

the effective inductance of each wire separately is — — ~ 

When the two wires are of the same diameter, the effective in- 
ductance of each wire is L — M. Using the values of L and M 
from (28) and (30) we get 

J 1 ,71 

{31} 
• E. B. Roaa and Louis Cohen, Bufl. Bureau of Stand., Vol. 5, pp. 1-132. 
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Usually J is very small, hence 



If the wires are of magnetic permeability n. 



The total inductance of the cu'cuit including the to and fro con- 
ductors is 

l-4ijlog.j + j|- (M) 

Equations (28) to (34) give the inductances in centimeters. To 
express the inductance in mh, per km., we must multiply each of the 
formuhe by the numerical factor 0.1. To express the inductances 
in mh. per mile, we must multiply each of the formulse by the 
numerical factor 0.161. 

If we replace the Naperian Ic^arithms by the common loga- 
rithms, we may put (34) in the following form: 



■" 0.921 logio- + 0.10 mh. per km., 

d and a being expressed in the same units, inches or centimeters. 
Formuhe (28) to (35) were derived on the assumption of uni- 
form current distribution over the entire sectional areas of con- 
ductors, which is only strictly true for continuous currents. For 
alternating currents formula (34) assumes the form 

L = 4l|log.^-l-«|. (36) 

where a is a constant the value of which depends on the frequency. 
For low frequencies we can take a equal to \ and for very high 
frequencies a is zero. An accurate expression for a has been given 
by Professor Pedersen,* which is as follows: 

"-2>fl5 '■('»<■>■ ™ 

• p. 0. Pederaen, /aArtwck <fer DrahOosen Tdeg., Vol. 4, pp. 601-516. 
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n = frequency in cycles per second, 



It, = penneability, 

p = resistivity in C.G.S. units, 

a =s radius of wire in cm. 

The values of h (,7na) for values of ma from to 6 are given in 

Table II, p. 43, Chap. I. For values of ma greater than 6 we 

have the following approximate expression: 

, , , 1.4142 0.5303 0.75 ,,., 

li (ma) = -. — TT- — -. — a- (38) 

ma (ma)* {may ^ ' 

Example. -— What is the value of a for a copper conductor 0,1 cm. 
radius and frequency 20,000 ? 



.-2V- 



From Table II we Bnd /, \ma) = 0.4188, 
hence a = 0.2094. 

In Table X, p. 85, we give the values of L calculated by formula 
(35) for various sizes of B. & S. wire, and different distances apart. 

Inductance of Three-phase Transmission Lines. — The in- 
ductance of one wire of a three-phase circuit arranged on the 
comers of an equilateral triangle, is the same a^ in the case of a 
two-wire circuit with the wires the same distance apart. 

L, = i,=L,=2i|log.^-|-j|, (39) 

where d = distance between any two wires and a = radius of wire. 

To get the inductive drop between two wires, the inductances 

are combined geometrically, the inductance of circuits (1.2), for 

example, being 

LB=2v^l|log.^-)-ij. (40) 

If the wires formii^ the circuit are arraj^ed in a straight line we 
have for the inductance of the middle wire 
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while the inductance of the outer conductors, assumii^ equal 
load distribution on all three phases, is as follows: 

is =L, = 2ijlog,^ +0.625 j- (41) 

To equalize the inductances of all three phases the wires are 
transposed, each wire taking the center pin for one-third the dis- 
tance. Arranged in this way the inductance of each wire is 



L = 2ihog.^ + 0.48J. 



In equations (39) to (42) the length of the lines and the inductances 
are expressed in centimeters. Expressing the inductances in mh., 
km. or mile, and at the same time convert the Naperian loga- 
rithms into common logarithms, equations (40) and (12) a^ume 
the following form: 



(40') 



Ljj = 0.797 logio- + 0.166 mh. per km. 
= 1.283 logio- + 0.27 mh. per mile. 

Mutual Inductance.* — Two metallic circuits A , B and C, D 
suspended on the same pole and arranged in the form shown in Fig. 
(19). The mutual inductance between A and CD is 

Mj_ci>=2nog.|; 

the mutual inductance between B and CD is 

Since the current in A is equal to that in B but of opposite sign, 
we have for the mutual inductance between the two circuits 

M„_„ = 2ijlog.|-*|. (43) 

Q J. L. La Cour and O. S. Bragstad, pp. 
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If the circuit CD consists of only one conductor C, the earth beii^ 
the return conductor, then we may put to a high degree of approxi- 
mation di = di 



and 



M^.c = 2l\oe,~ 



(44) 



In case it is deared to avoid inductive effects the conductors must 
be so arranged as to make di<U =• d^, so that 

Io6.g-log.l-0. 

Such an arrai^ement of a pur of circuits is shown in Fig. 20. 




Grounded Conductors.* — The self inductance of a linear con- 
ductor suspended at height h above ground, and the ground being 
the return conductor, is 



= 0.74 1(^10- + 0.08 mh. per mile; 



(45) 



a is the radius and I is the lei^h of conductor. 
The mutual inductance between two grounded parallel wires is 

.d' + ih + hy 



^ = T'^^ d»+(A.-A,)' 

= 0.37 logio J, , ;, ■ :. mh. per mile, 
°^d' + (Ai — Aa)* 

• 0. Heaviflide, CoOeeUd Popers, Vol. 1, p. 101. 



(46) 
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where hi and fti are the heights above ground of wires 1 and 2 
respectively and d is the distance between them. 

When the wires are at the same height above ground, equation 
(45) reduces to 



M = 0. 



.741ogio\r 



Tft* + d' 



ih. per mile. 



(47) 



biductance of Split Conductors.* — The use of split con- 
ductors has been proposed for long distance transmission lines as 
a means of reducii^ the inductance and increasing the capacity 
of the line. 

Consider first the case of a looped conductor split into two 
parts, the two parts of each conductor being placed symmetrically 
with respect to each other, and the distance between the centers 
of gravity, D, as shown m Fig. 21. Let a denote the radius of 



Q 



U 



6 



.Q 



Fig. 21. 



an equivalent conductor whose sectional area is equal to the sum 
of the sectional areas of the two parts of the split conductor. 
Then we have for the total inductance of the circuit including 
the to and fro conductor 

n 1 

(48) 



L - 0.322 ! log.- + log, ^ + 0.597 ! mh. per mile. (49) 



Example. — 




Let 


a - 0.1825 in., D - 




108.^.5.571, log.§- 




L = 3.26 mh. per mile 



* Louis Cohen, "Inductance of Split Araial Conductors," Ekctriad World, 
Nov., 1912. 



DiQitized^yGOOgle 



70 FORMULAE AND TABLES FOR THE 

For a solid conductor of the same radius and the same distance 
between outgoing and return conductor we find, by formula (34), 

L = 3.84 mh, per mile. 
Hence, splittii^ the conductor into two parts and separatii^ these 
parts by a distance equal to five times the equivalent radius of 
solid conductor reduces the inductance by about 15 per cent. 

Conductor Split into Three Parts.* ^ Let the three parts of 
each conductor be arranged symmetrically at the vertices of an 

^^:-^:/ ^.a^T . 



w 



equilateral triangle as shown in Fig. 22. The inductance of the 
circuit including the to and fro conductor is 



-d 

Considering the same example we have worked out for the case 
of a conductor split into two parts, we have 

D = 48 in., a = 0.1825 in., d = 5a 
and L = 3.07 mh. per mile. 

By splittii^ the conductor into three parts and separating the 
parts by a distance equal to five times the radius, the inductance 
of the circuit is reduced by about 20 per cent. 

Self Inductance of Two Parallel Hollow Cylindrical Con- 
ductor8.t — Let oa, ai, and fej, h denote the outer and inner 
radii of the two cylinders respectively; d is the interaxial dis- 
tance between the two conductors, and I the length of each con- 
ductor in centimeters. The total mductance of the circuit is 



26,' , h, , 16,'-3V) ,, 

• Lc. 

t Alex. Riuseil, "Theory of Alternating Currents," Vol. I, pp. 55-59. 
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If we put 

equation (51) can be written in the following fonn : 



L- 


\^-^s.-m^^hhis--B- 




2 /h" , k"\) 
•■■+„(» + !) („ + 2)U- + VJi"'- 



(52) 

To reduce (50) and (51) so as to give the inductance in mh, per 
mile it is necessary to multiply the right-hand side of either 
equation by the numerical factor 0.161. 

SeU Inductance of Concentric Conductors. — The following 
formulEB apply to two hollow cylinders, one inclosed In the other, 
and insulated from it, the current entering one cylinder and 
retumii^ by the other. Let the outer and inner radii of the 
outer and inner cylinders be denoted by bt, h, (h, Oi and let I be 
the length in cms. The inductance is 

, 2bt* , h 1 3V- V^ ,„, 

+ (V^^W^*'^&i"2"V^^^i*"°- ^^' 

In practice the crosa-aectional areas of the two cylinders are 
always equal, that is, 

V (oj* - di*) = T (ftj* — 6i«) 
and formula (53) becomes 

r .i«. f>i , 2 r ,, <h , ,., ^ 






- ^ (fe.* + di*) (««* - ai*)l I cm. (54) 

If the mner cylinder were solid, di would be zero and bt* would 
be equal to h' + Oi*, and formula (54) would reduce to 



&1 1 , 1 Oj* 1 (h* 1 Os' 



Jue of L 18 when &i = Oj ai 
= 1(4 log. 2 -2) -0.77261. 



(55) 



3t,' 12 6,*^ 30 6 
The least possible value of L is when &i = Oj and in this case 
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For very high frequencies where the current is concentrated along 
the surface of the conductor, the magnetic force is confined within 
the space between the conductors, and in that case we have for the 
inductance 

L=2nog,-- (56) 

Equations (56) and (56) may be combined into one by writii^ 
f^em in the following form : 

L = 0.m,|2,„.| + [| + |g-i|.>...],|,(„, 

where « is a quantity that depends on the frequency. For low 
frequencies it may be taken equal to unity, and for very high 
frequencies it is zero. 
Example. — 

6i = 0.4 in., a, = 0.2 in., 

log,- =0.693, 

1 , 1 Oj* I as* 

2+3V-I2 V+ "■^™- 

For low frequencies a = 1 and 

L = 0.316 mh. per mile. 
For very high frequencies a =0 and 

L = 0.223 mh. per mile. 
Triple Concentric Conductors.* — The inductance of a triple 
concentric conductor depends on the current distribution in the 
three conductors. Consider three hollow cylinders of negligible 
thickness and radii n, r^, rj, beginning with the umer one. Let 
the current Ii flow through the inner conductor and return cur- 
rents h and h throi^h the middle and outer conductors. Then 

Ii=h + h. 
The inductance of the system is 

L = 2nog.J + 2if^'yiog.?cm. I 

= 0.322 j log,- +(-^1 log, -fmh. per mile. 

• "Tliecny of Altematii^ Currents," by Akx. Russell, Vol. I, Chap. 2. 
See abo "The Magnetic Circuit," by V. Kar^jetoff, Chap. XI, 
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If a, current It flows through the middle conductor and /i, h are 
the return currents through the inner and outer conductors, 

L = 0.322 j(Q'log.^+(Q'log.^jmh.perinile. (69) 

If a current h (lows through the outer conductor and the return 
currents h, h through the inner and middle conductors, 

L = 0.322 \ (^ log, ^ + log, ^' j mh. per mile. (60) 

The Self Inductance of a Circuit Formed by Three Conductors 
Whose Axes Lie Along the Edges of an Equilateral Prism. — - 
We will assume that the three conductors have equal radii a, 
the interaxial distance between any two conductors being d. Let 
a current /i flow through conductor No. 1 and the return currents 
/j and /a through conductors No. 2 and 3 respectively. 

The inductance of the system is 



Z,=n41og.~ + l 



w-m 



The inductance has a maximum value 



: = 0.161(4 



when either 1% or Js is zero and it has a minimum value 



when A = /i = J Ii- 

Compound Conductors. — A compound 
conductor consisting of a steel core and a 
concentric coating of copper is now being used 
in many cases for transmission purposes. 

The inductance of a Imear conductor con- 
sists of two parts, one of which is due to the 
magnetic field outside of the conductor and -^ 23 

the otb^r is due to the magnetic field within 
the conductor. We may call these the external and internal 
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inductances, respectively. In the expression for the inductance 
of a linear conductor 

The first term is the external inductance, and the second term 
the internal inductance, 
la compoundii^ the conductor only the internal inductance 

is affected and the term = is replaced by the following formula:* 

(/l + /!)» 

(62) 
where ai = radius of core, 
ot = radius of shell, 
7i = current in core, 
/i = current in shell, 

in and la are the permeabilities of core and shell, re- 
spectively. 

The above formula is somewhat complicated for numerical 
computation, and Mr. Fowle has supplied a short table in his 
paper, which we reproduce here, givii^ the values of Li for the 
standard sizes now in commercial use. 



Vslii»<>l«, 


lDt«n»]bidiiot»i»iiiC. a.S.(i]uU. 1 


Percent 
20 

30 
40 
50 


Li = 0.149*11 
L( = 0.0506 w 
Li = 0.0208 w 
Li = 0.00925 Ml 


+ 0,0646 w 
+ 0.102^1 
-i- 0.147 M 
+ 0.193 m 



• The above formula was first given by Prof. A. Vaachyin hia book, "Traite 
d'electricite et de MagnetiHine, " Vol. 1, p. 367 and was independently derived 
by Mr. F. F. Fowle, Electrical World, Dec, 29, 1910. 
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va.™or.. 




Praont 

20 
30 
40 


hi = 0.127 A4 
Li ~ 0.0328 >ii 
Li - 0.00871 /ii 


+ 0.0990 m. 
+ 0.1861m 
-f 0.2624 m 



In the above two tables n is the conductance ratio of the com- 
pound wire to a solid copper wire of equal size. 

Series or Parallel Arrangement of Inductance. — If several 
Laductances are connected in series the total inductance is the 
sum of the several inductances. 

L, = Li + L, + L3 + ■ ■ ■ + i,. (63) 

For several inductances in parallel, we have for the total in- 
ductance, 



L, 



ULa^f 



■ L,+L,Ld:t ■ ■ ■ L,+LiLtL, ■ 



■L.+ - 



(64) 



If the mutual inductance between the various inductance coils is 
talien into account, tlien for two coils in series we have for the 
effective inductance, 

t.-i.+Ii + 2M, (64) 

or L,~L, + L,-2M. 

The first of the above two formulas applies when the magnetic 
fields of the two coils are aiding, and the second formula apphes 
when the magnetic fields are opposing. 
For two coils in parallel we have 

'"-L, + L,-2M' <"'* 

For more than two inductances in parallel the formula for the 
total inductance is generally very complicated if the mutual in- 
ductance between the various branches is to be included. For 
the case, however, of cylindrical conductors symmetrically ar- 
ranged, formulae have been derived for the total inductance of 
several wires including the mutual inductance between the wires,* 

• "Inductance and Capacity of Linear Conductors," The EUctricvm, 
Feb. 14 and 21, 1913. 
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Such an arrangemeDt of circuits is being used for instance in the 
case of horizontal antennfe which generally consist of a number 
of wires in parallel suspended at some height above ground. 

Inductance of Wires in Parallel. — The following formulfe 
(66) to (72) were derived on the assumption that all the wires 
are suspended at the same height above ground, the earth beii^ 
the return conductor; also that all the wires are of the same size 
and equally spaced. 

For two wires in parallel 

£-^^, (66) 

where £ is the total inductance, L is the inductance of each 
individual wire and M is the mutual inductance between the 
wires. The values of L and M can be obtained by formulse (45) 
and (48). 
Examj^. — 

a, radius of wire = 0.08 in., 

d, distance between wires = 24 in., 

h, height above ground = 80 ft. 

By (45) and (48) we have 

7 o/i 2ft, 1\ ., /160X12, _„.\ 
L = 2(log.- + 5J= 21og.(-^;^- + 0.25] 

= 19.15 cm. per cm. 
„ , 4fe' , 4X6400 oT« 
J« = 1o&-jF ='og, ^ = 8.76 cm. per cm. 

In the expression for M we neglected p as being very small com- 
pared with unity. 
We have by (66) 

„ 19.15 + 8.76 ,„,- 

j; — — . — = 13.15 cm. per cm. 

For three wires in parallel 



3L + M,-iM, 

Ml is the mutual inductance between wires 1, 2 and 2, 3; Mt is 
tJie mutual inductance between 1 and 3. 
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Since the wires are equally spaced, we may put Mt = Mi — log, i 
= Mi - 1.386 and formula (67) becomes 

j._ L{L + Mi- 1.386) - 2Mi' 
^ 3L-3M, -1.386 

Using the same values for L and M as in the previous example 
we find the value of the inductance for three wires. 
„ 19.15 (19.15 + 8.76 - 1.386) - 2 {8.76)» , , . 

^ = 3X19.15-3X8.76-1.386 = ^^"^ *=•"• ^' '^- 

For four wires in parallel 

^ (L + M,)(,L + Mi,-(M, + M,)' 
iL-iM!-2M, + 2M, ' 
Mi = Ma'M„ = M^ 
M,~M„- Mu, 
M, - Jlf u. 



where 



(88) 



(69) 



4 4 4 4 



Formula (69) may be put in the form 

„ ^ (L + JIf ,) {L + Mi- 2.2) - (2 Jtf 1 ■ 
4L-4W, + 1.15. 



1.3 



(70) 



Takii^ again the values of L => 19.15 and M^ = 8.76, we get for 
the inductance of four wires in parallel, 
L = 10.93 cm. per cm. 
For five wires in parallel, 
£ = 

LtIf+LM,+i:,U.+M,M.-2iff-Sllf,'-2M,ir,-il/)+M,(4M,M,+iM,l\/,-21\/,U;)-2Mf 



where 



+JK. (2M, +SM. - 4Af.-Jf ,) +«, 


4tfi+4Af, 


(71) 


M, . Af u - Mb - M„ . 


jm«, 




M, - Mu - M„ - M„, 






ilf.-M„.Jlf„, 






M,-M.. 
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Expressing the inductance in tenns of L and Mi only, as in the 
previous cases, formula (71) reduces to 
£ = 

I^ + IA{lU,-i.l6)+H-7Mf + 10.2iM,-i.BSi + ifi{tUf-U.4M,+i2.D-l(M,-IA)' 
iL'-mOMi- l.SC) + iM,'- 1.87 M, - 4.18 

(72) 
For the values L = 19.15 and Mi = 8.76 

f _ 7022.7 + 4899.4 - 8662.3 + 3038.8 - 949 



9.64 cm, per cm. 



1833.6 - 1642 + 383.7 - 16.38 - 4.18 
^ 5349.5 
554.8 

If we have more than five wires in parallel, which is generally the 
case for antenuEe of large stations, we can obtain an approximate 
value of the inductance in the f oUowii^ manner : Suppose we have 
an antenna consisting of ten wires, determine the inductance of 
five wires in parallel and denote it by L', then assume that the 
antenna consists of two wires separated by a distance 5 d (where 
d is the distance between adjacent wires) and the inductance of 
each wire is L'. By formula (66), the effective inductance of the 
ten wires in parallel b 

^_ L'+M' 
A, 2—' 

where M' is the mutual inductance between two wires separated 
by a distance 5 d. 

Taking the data from the previous examples, we have for the 
inductance of five wires in parallel 

U = 9.64 cm. 
By (48) we have 

4 (80)' 
10= 

hence £= - — = — '■ — = 7.6 em. per cm. 

If the antenna were 200 feet long, we should have 
£ = 7.6 X 200 X 30.5 = 0.046 mh. 
If the antenna consisted of twelve wires, for instance, we could 
break it up into three groups of four wires each and proceed in the 
same manner as above usmg formulae (68) and (70). 

The above formulse for the inductance of parallel wires are very 
useful in the determination of the capacity of antennae, as will be 
shown in Chapter III. 



M'=log.=-^= 5.54 c 
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TABLE IV 
(For use in Formula 4.) 



44^'f] 






0.040 
M2 

0.044 
0.046 
0.048 
0.050 
0.052 
0.054 
0.056 



0.0911S 
0.13401 
0,17542 
0.21651 



0,111 
0.112 
0.113 
0.114 
0.115 
0.116 
0.117 
0.118 
0.119 
0.120 
0.121 
0.122 
0.123 
0.124 
0.125 
0.126 



1.11407 
1.12520 
1.13727 

1.14729 
1.15826 



0.070 
0.072 
0.074 
0.076 



0.130 
0.131 
0.132 

0.133 
0.134 

0.135 



1.22305 
1.23369 
1.24429 



141 

0.142 
0.143 
0.144 
0.145 

0.146 
0.147 
0.148 
0.149 
0.150 
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TABLE V 
Nao&oka's Tabim cv Valdks or the Ei«d CoRRBCtiON K a 

or THE Ratio t 

Lenotb 
(For use in Formula 13.) 



nuuMr 


K. 


Ai. 


if- 


IKiuixtar 


K. 


i,. 


". 


L.«U> 


L-ph- 


0.00 


l.OOOOOD 


-4231 


+24 


0.45 


0,83372! 


-3160 


+21 


0.01 


1.995700 


-4207 


28 


0.46 


0.830563 


-3139 


22 


0.02 


1.991562 


-4181 


24 


0.47 


0.827424 


-3117 


21 


0.03 


1.9S7381 


-4157 


25 


0.48 


0.824307 


-3096 


21 


0.01 


1.983224 


-4132 


25 


0.49 


0.821211 


-3075 


21 


0,05 


0.979092 


-4107 


+25 


0.50 


0.8I8I36 


-3054 


+21 


0.06 


0.974985 


-4082 


26 


0.51 


0-815082 


-3033 


21 


0.07 


0.970903 


-4056 


24 


0.52 


0.812O4S 


-3012 


21 


0.08 


0.966847 


-4032 


24 


0.63 


0.809037 


-2991 


20 


0.09 


0.002815 


-4008 


26 


0.54 


0.806046 


-2971 


21 


0.10 


0.958807 


-3982 


+25 


0.55 


0.803075 


-2950 


+20 


0.11 


0,954825 


-3957 


24 


0.56 


0.800125 


-2930 


20 


0.12 


0-950868 


-3033 


23 


0.67 


0.797195 


-2910 


20 


0.13 


0.946935 


-3910 


26 


0.68 


0-794285 


-2890 


20 


0.14 


0.943025 


-3384 


27 


0.69 


0.791395 


-2870 


20 


0.15 


0.939141 


-3857 


+23 


0.60 


0.788526 


-2850 


+19 


0.16 


0.935284 


-3834 


23 


0.61 


0.785675 


-2831 


19 


0.17 


0.931450 


-38U 


26 


0.62 


0.782844 


-2812 


20 


0.18 


0,927639 


-3783 


24 


0.63 


0.780032 


-2792 


19 


O.Ifl 


0.923854 


-5761 


24 


0.64 


0.777240 


-2773 


19 


0.20 


0.920093 


-3737 


+24 


0.65 


0.774467 


-2754 


+19 


0.21 


0.916356 


-3713 


24 


0.66 


0.771713 


-2735 


19 


0.22 


0.912643 


-3689 


25 


0.67 


0.768978 


-2718 


19 


0.23 


0.908954 


-3664 


23 




0.766262 


-2697 


18 


0.24 


0,905290 


-3641 


25 


0.69 


0.763566 


-2679 


18 


0.25 


0.901649 


-3616 


+23 


0.70 


0.760886 


-2861 


+18 


0.26 


0.898033 


-3593 


24 


0,71 


0.758225 


-2843 


19 


0.27 


0.894440 


-3569 


23 


0,72 


0.755582 


-2621 


17 


0,28 


0.890871 


-3546 


24 


0.73 


0.752958 


-2607 


18 


0.28 


0.887325 


-3522 


24 


0.74 


0.760361 


-2589 


18 


0,30 


0.883803 


-3498 


+22 


0.75 


0.747762 


-2571 


+17 


0.31 


0.880305 


-3476 


24 


0.76 


0.745191 


-2664 


17 


0.32 


0,876829 


-3452 


23 


0.77 


0.742637 


-2537 


18 


0,33 


0.873377 


-3429 


23 


0.78 


0.740100 


-2519 


17 


0.34 


0.869948 


-3406 


22 


0.79 


0.737581 


-2502 


16 


0.35 


0.866542 


-3384 


+24 


0.80 


0.735079 


-2486 


+19 


0.36 


0.863158 


-3360 


22 


0,81 


0,732593 


-2467 


16 


0.37 


0.859799 


-3338 


23 


0,82 


0.730126 


-2451 


16 


0,38 


0.856461 


-3315 


22 


0,83 


0.727675 


-2435 


16 


0.39 


0.853146 


-3293 


23 


0,84 


0.725240 


-2419 


17 


0,40 


0.849853 


—3270 


+22 


0,85 


0.722821 


-2402 


+16 


0.41 


0.846583 


-3248 


23 


0,86 


0,720419 


-2386 


16 


0.42 


0.843336 


—3225 


21 


0,87 


0,718033 


-2370 


15 


0,43 


0.840110 


-3204 


21 


0,88 


0,715663 


-2355 


16 


0.44 


0.836906 


-3183 


23 


0.89 


0,713308 


-2339 


17 
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TABLE V {Cottatuaid) 



Diametm 


K. 


4.. 


^ 


DiunslM 


K. 


... 


ikr 


4h 


Levth ■ 


I«gth ■ 


0.90 


0,710969 


- 2322 


+ 14 


2.50 


0.471865 


- 9292 


+ 405 




0.91 


0.708647 


- 2308 


16 


2.60 


9.462573 


- 8887 


378 




0.92 


0.70833S 


- 2292 


15 


2.70 


0.453686 


- 8509 


355 




0.93 


0,704047 


- 2277 


16 


2.80 


0.445177 


- 8154 


330 




0.91 


0.701770 


- 2261 


14 


2.90 


0.437023 


- 7824 


312 




0.95 


0.699509 


- 2247 


+ 15 


3.00 


0.429199 


- 7512 


+ 293 




0.96 


0.697262 


- 2232 


15 


3.10 


0.421687 


- 7219 


276 




0.B7 


0.69S03O 


- 2217 


16 


3.20 


0-414468 


- 6944 


260 




0.98 


0.692813 


— 2202 


14 


3.30 


0-407524 


- 6684 


245 




0.99 


9.890611 


- 2188 


14 


3.40 


0.400840 


- 6439 


230 




1. 00 


0.688423 


-10726 


+344 


3.50 


0.394401 


- 6209 


+ 220 




1.05 


0.677697 


-10382 


330 


3.00 


0.388192 


- 5989 


207 




1.10 


0,667315 


-10052 


316 


3.70 


0.382203 


" 5782 


195 




1.15 


0.667263 


- 9736 


303 


3.80 


0.376421 


- 5587 


186 




1.20 


0.647527 


- 9433 


290 


3.90 


0.370834 


- 5401 


174 




1.25 


0.638094 


- 9143 


+278 


4.00 


0,365433 


- ©27 


+ 168 




1.30 


0.628951 


- 8865 


266 


4.10 


0.360206 


- 5059 


161 




1.35 


0.620086 


- 8599 


255 


4.20 


0.355147 


- 4898 


152 




1.40 


0.611487 


- 8343 


244 


4.30 


0.350249 


- 4746 


141 




1.45 


0.603144 


- 8099 


236 


4.40 




- 4605 


138 




1.60 


0.695045 


- 7863 


+224 


4.50 


0.340898 


- 4467 


+ 134 




1.55 


0.587182 


- 7639 


215 


4.60 


0.335431 


- 4333 


125 




1.60 


0.679543 


- 7424 


208 


4.70 


0. 332098 


- 4208 


118 




1.65 


0.572119 


- 7216 


198 


4.80 


0.327890 


- 4090 


115 




1.70 


0.564903 


- 7018 


190 


4.90 


0,323800 


- 3975 


102 




1.75 


0.557885 


- 6828 


+184 


5. CO 


0.319825 


-18321 


+2227 


-397 


1.80 


0.551057 


- 6644 


176 


5.50 


0,301504 


-16094 


1830 


-306 


1.85 


0.544413 


- 6468 


170 


6.00 


0.285410 


-14264 


1524 


-241 


1.90 


0.537945 


- 6298 


161 


6.50 


0.271146 


-12740 


1283 


-193 


1.95 


0.531647 


- 6137 


154 


7.00 


0-258406 


-11457 


1090 


-153 


2.00 


0.525510 


-11809 


+680 


7.50 


0-246949 


-10367 


+ 937 


-127 


2.10 


0.513701 


-11229 


539 


8.00 


0.236582 


- 9430 


810 


-104 


2.20 


0.502472 


-10690 


499 


8.50 


0.227152 


- 8620 


706 


- 86 


2.30 


0.491782 


-10191 


465 


9,00 


0.218532 


- 7914 


620 




2.40 


0.481591 


- 9726 


434 


9.50 

10.00 


0.210618 
0.203324 


- 7294 
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TABLE VI 

Values of CoBBBcmoN Term A, Dbpbndino on thb Ratio ■= op the 

DuuzTTEite OF Babe and Covbbed Wibb on tbb Smau Later Coil 

(For use in Formula 15.) 



5' 


- 


Ai, 


i 


A. 


A^ 


1.00 
0.99 
0.98 
0.97 
0.96 
0.95 
0.94 
0.93 
0.92 
0.91 
0.90 
0.89 
0.88 
0.87 
0.86 

0^84 
0,83 

0^81 
0.80 
0.79 
0,78 
0.77 
0.76 
0.75 
0.74 
0.73 
0.72 
0,71 
0.70 


0.5568 
0-5468 
0.5367 
0.5264 
0.5160 
0.5055 
0.4949 
0.4842 
0.4734 
0.4^^ 
0.4515 
0-4403 
0.4290 
0.4176 
0.4060 

0^3825 
0,3705 
0,3584 
0,3461 
0,3337 
0,3211 
0,3084 
0,2955 
0.2824 
0,2691 
0,2557 
0.2421 
0,2283 
0.2143 
0,2001 


100 
101 
103 
104 
105 
106 
107 
108 
109 
110 
112 
113 
114 
116 
117 
118 
120 
121 
123 
124 
126 
127 
129 
131 
133 
134 

!1 

140 
142 


0.70 
0,69 
0.68 
0,67 
0.66 
0.65 
0,M 
0.63 

0^61 
0.60 
0.59 

0.58 
0,57 
0,56 
0.55 
0,54 
0.63 
0.52 
0.51 
0.50 


0.2001 

0.1857 

0.1711 

0.1563 

0.1413 

0.1261 

0.1106 

0.0949 

0.0789 

0.0626 

0.0460 

0.0292 

0.0121 

-0.0053 

-0.0230 

-0.0410 

-0.0594 

-0.0781 

-0.0971 

-0.1165 

-0.1363 


144 
146 
148 
160 
162 
165 
157 
160 
163 
166 
168 
171 
174 
177 
180 
184 
187 
190 
194 
198 


0.50 
0.45 
0.40 
0.35 
0.30 
0.25 
0.20 
0.15 
0.10 


-0.1363 
-0.2416 
-0.3594 
-0.4928 
-0.6471 
-0.8294 
-1.0626 
-1.3403 
-1.7457 


1053 
1178 
1335 
1542 
1823 
2233 
2877 
4054 
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Valdes of TBOi CoRRiiCTiON Tbru B, Depbndinq on thb Number o 
Turns of Wire on the Sinqui Later Cod. 





(For use i 


Formula 15.) 


Number ol 


- 


Nmnbarof 




tariH. 


tonw. 




1 


0.0000 


50 


0,3186 


2 


0.1137 


60 


0.3216 


3 




70 




4 


0.1973 


80 


0-3257 


5 


0.2180 


90 


0.3270 




0.2329 


100 


0,3280 


7 


0,2443 


125 


0.3298 


S 


0.2532 


150 


0.3311 


9 


0.2604 


175 


0,3321 










16 


0.2857 


300 


0.3343 


20 


0.2974 


400 


0.3351 










30 


0.3083 


600 


0.3359 


35 


0.3119 


700 


0.3361 


40 




800 


0.3363 


45 


0.3169 


900 


0,3364 


SO 


0.3186 


1000 


0.3365 



TABLE VIII 
Table of Constants for Formula (16) 



; " l 


»i. 


$1- 


c " ^ 


,.. 


Hi- 


0.00 


0.50000 


0.1250 


0.55 






0.05 


0.54899 


0.1269 


0,60 


0.81823 


0.3839 


0.10 


0.59243 


0J325 


0.65 


0.82648 


0.4274 


0.15 


0.63102 


0.1418 


0.70 


0.833U 


0.4739 


0.20 


0.66520 


0.1548 


0.75 


0.83831 


0.5234 


0.25 


0.69532 


0.1714 


0.80 


0.84225 


0.5760 


0.30 


0.73172 


0.1916 


0.85 


0.84609 


0.6317 


0.35 


0.74469 


0,2152 


0.90 


0.84697 


0.6902 


0.40 


0.76454 


0.2423 


0.95 


0.84801 


0.7518 


0.45 


0.78154 


0.2728 


1.00 


0.84834 


0.SI62 


0.50 


0.79600 


0.3066 
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TABLE IX 

Shafe-Faciors, F' AMD F", FOR Cbbtain Coil pROPORnoNa 

(For lue in Fonnuk 19.) 



* 


b. 


- 


K. 


r. 


^■ 


.■ 


.". 


19 
16 


200 

200 


2 
10 


20 
20 


1.008 


1.015 


1.001 


1.001 


1.009 


1.016 


19 
15 


100 
100 


2 
10 


20 
20 


1.015 


1.028 


1.003 


1.002 


1.018 


1.030 


19 
15 


60 
60 


2 
10 


20 
20 


1.029 


1.061 


1.006 


1.004 


1.036 


1,055 


19 
15 


20 
20 


2 
10 


20 
20 


1.064 


1.097 


1.013 


1.008 


1,078 


1,106 


19 
15 


12 
12 


2 

10 


20 
20 


1.095 


1.129 


1.019 


1.011 


1,116 


1,141 


19 
15 


8 
8 


2 
10 


20 
20 


1.126 


1.154 


1.026 


1.013 


1.154 


1.169 


19 
15 




2 
10 


20 
20 


1.163 


1.182 


1.035 


1.016 


1.204 


1.200 


IS 
15 




2 
10 


20 
20 


1.182 


1.190 


1.040 


1.016 


1.229 


1,309 


19 
IS 




2 
10 


20 
20 


1.205 


1.203 


1.045 


1.017 


1.259 


1,223 


19 
15 




2 
10 


20 
20 


1.235 


1.216 


1.054 


1.017 


J. 301 


1.237 


19 
15 




2 
10 


20 
20 


1.277 


1.232 


1.065 


1.018 


1,360 


1.254 


19 
15 


0.5 
0.5 


2 
10 


20 
20 


1.302 


1.241 


1.073 


1.018 


1,397 


1.263 


19 
16 


0.2 
0.2 


2 
10 


20 


1.320 


1.246 


1.079 


1.019 


1.424 


1.270 


19 
15 


0.1 
O.I 


2 
10 


20 
20 


1.326 


1.2© 


1,081 


1.019 


1.433 


1.273 


Sq^taih; WiNDiNO-SncnoN Coils 1 


17.5 
19 
19.5 
19.76 

19. S 
19.95 


2 

C 

, 




.5 
.2 
.1 


5 

2 

1 

0.5 

0.2 

0.1 


20 
20 
20 
20 
20 
20 


1.172 
1,235 

1,292 
1.342 
1.387 
1.407 


1.023 
1.054 
1.097 
1.1S3 
1.29 
1.42 


1,199 
1,301 

1.418 
1.561 
1.79 
2.00 
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TABLE X 
Indcctancb Feb Mile of Coufletb M&taiuc Circuit, Forhuia 3 



Sin. 


piMoeMr 


.Dlaun» 


I«l<icCHa« 


aat. 


pismetw 


Diaumw 


Isduotaiue 










B.*8. 




biDcbea. 


bmh. 


0000 


0.46 


12 


2.707 


4 


0.204 


12 


3-231 






18 


2.969 






18 


3.492 






24 


3-164 






24 


3,678 






48 


3.600 






48 


4.124 


000 


0.41 


12 


2.782 


6 


0.182 


12 


3,305 






18 


3,043 






18 


3,566 






24 


3.228 






24 


3,751 






48 


3.675 






48 


4.198 


00 


0.365 


12 


2.857 


6 


0.162 


12 


3,380 






18 


3. lis 






18 


3,641 






24 


3.303 






24 


3.826 






48 


3.750 






48 


4,273 





0.325 


12 


2.930 


7 


0.144 


12 


3.456 






18 


3.193 






18 


3.717 






24 


3-378 






24 


4-349 






48 


3-824 






48 


4.349 


1 


0.289 


12 


3-007 


8 


0-128 


12 


3.531 






18 


3.268 






18 


3.792 






24 


3-453 






24 


3.978 






48 


3.900 






48 


4.424 


2 


0.268 


12 


3,080 


9 


0.114 


12 


3,606 






18 


3.341 






18 


3,867 






24 


3-526 






24 


4,052 






48 


3-973 






48 


4,500 


3 


0.229 


12 


3.157 


10 


0.102 


12 


3,678 






18 


3.418 






18 


3.940 






24 


3.603 






24 


4-124 






48 


4.050 






4S 


4,571 
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CHAPTER III 

CAPACITY 

The capacity of a conductor is defined as the ratio of its charge 
to its poteatlal, when all other conductors are at stero potential. 

c-l (1) 

or, according to Maxwell, the capacity of a conductor is its charge 
when its own potential is unity and that of all the other conductors 
is zero. 

The capacity between two conductors is the ratio of the charge 
on either conductor to the diEFerence of potential between the 
conductors, assuming also that all other conductors are at zero 
potential, otherwise the capacity is considerably influenced to an 
extent depending on the proximity of the other conductors. 

In general the capacity of a conductor depends on the geometri- 
cal configuration of its own surface, its distance from other con- 
ductors and the material medium between them. 

The problem of determining the capacity of a conductor, or a 
system of conductors, offers considerable mathematical difficul- 
ties, and there are not therefore as many formulte available for 
the calculation of capacities as in the case of inductances. For 
linear conductors, however, which are the most important in 
practice, a sufficient number of formulse have been derived to 
enable us to compute the capacity of any arrangement of circuits. 
Owing to the extreme importance of the electrical constants of 
linear conductors in problems of transmission of electrical enei^, 
we shall give here an extensive Ust of such formula. 

The unit of capacity is the capacity of a condenser in which 
unit charge produces a unit difference of potential between its 
conductors, which may be either in electrostatic or electromagnetic 
units. The ratio of the electrostatic to the electromagnetic unit 
of capacity is equal to V* where F = 3 X 10" cm. per sec. (velocity 
of light); 
hence C„=-^,a. (2) 
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The practical unit of capacity is the farad. It is the capacity 
of a condenser which has a potential difference of one volt when 
charged with one coulomb. 

1 farad = 10-" C.G.S. units. 

1 microfarad = 10"" C.G.8. units. 

In practice the microfarad is generally used. 

If C is the capacity in microfarads and C. the capacity in electro- 
static units, we have 

10'= 



Parallel oi Series Arrangement. — In electrical circuits we 
frequently use a number of condensers which may be either con- 
nected in parallel or in series. For the parallel arrat^ement the 
total capacity is the sum of the capacities of the several condensers, 
that is, 

C = Ci -I- Ca H- C, + ■ ■ ■ + C„. (3) 



Fia. 25. 

In the series arrangement the resultant capadty is given by the 
following egression: 

_ _ J_ 

' Ci^ C2~^ C,~^ ' ' ' ~^ Cn' 






C^iCi . . . C. + CiCaCi . . . C„ + . . . C A . . . C„-, 
The capacity of three condensers in series for instance is 



(4) 



C = 



CiC+CiCt+CiCt 



The total capacity of several condensers connected in series is 
always less than the capacity of the smallest condenser in the 
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Example. — Three condensers of capacities Ci, Cj, C» connected in 
series. 
Let Ci = 0.01 mf., Cs = 0.05 mf., Cs = 0.1 mf. 
0.01 X 0.05X0.1 __ 0.00005 _ 
^ 0.005 + 0.001 + 0.0005 " 
which is less than the value of Ci, that of the smallest condenser. 
Capaci^ of Parallel Plates. — If the area of each plate is 
denoted by A sq. cm. and the distance between them by k cm,, 
the capacity of the condenser is 

A 1 



(6) 



For circular plates of radius r, we have 

If the space between the plates is filled with a uniform dielectric 
of specific inductive capacity K, then 

Fonnulas (6) to (8) are only approximate; they were derived on 
the assumption that the distribution of the electric force between 
the plates is imiform throughout the entire area. This, how- 
ever, is not the case; the lines of force curve around the edges, 
and the correction due to this effect cannot be neglected in 
accurate calculations. This correction factor has been determined 
only for circular plates, and the corrected formula for this case 
is as follows:* 

(9) 
where t is thickness of the plates and k is the distance between 
them. 

For very thin plates 



-|1S'+M-T+>]| 



mf. (10) 

* G. Kirchoff, Geesounelte Abbandlungen, p. 112, "Zur Theorie dea Con- 
denBfttors." See also J. A. Flenung, "The Principlea of Electric Wave 
Telegr^hy," p. 176. 
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Example. — Capacity of two-plate circular condenser of the fol- 
lowing dimensions, 
r = 10 cm., h = 0.2 cm., ( = 0.05 cm. air dielectric, K = I. 
By formula (7), 

C = 13.9X10-»mf. 
By formula (9), 

C = 14.51 XlO-'mf. 
By formula (10), 

C = 14.44 X 10-* mf. 

It is seen that in this particular case the capacity as computed 
by formula (7) is in error by about 4.5 per cent. The smaller the 
area of the plates and the greater the distance between them, the 
larger is the correction term. 

For a multiple-plate condenser consisting of n plates, the 
capacity is (n — 1) times the expression for capacity given in 
formula (6) to (8). 

When the dielectric of a plate condenser consists of several layers 
of different specific inductive capacities, we have, on neglecting 
the correction factor, 

„„ ^ 1 

*'Jr.+r,+ ■■■ ) 

where hi and Ki denote the thickness and specific inductive capac- 
ity of layer i, and n m the number of layers, or 

— ^ -' (12) 




Example. — Same constants as in the preceding example. 
Two-plate circular condenser, 

r = 10 cm., A=irX 100, 

hi = ftj = Aj = A, = 0.05 cm., 

k (distance between plates) = 0,2 cm., 

JCi = 1.5, K, = 2, Ki = 2.5, Kt = 3. 
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(005 005 005 O^i 9X10* 
n-5 2 '•" 2.5 '•" 3 J 



Capacitr of Concentxic Spheres. — 

rj is the inner radius of outside sphere and ri is the radius of 
inner sphere. This formula ia exact, no correction term is re- 
quired. 
When r, is infinitely large 

which is the capacity of an isolated sphere in infinite space. 

From formula (14) it is obvious that a sphere will have to be of 
radius 9 X lO' cm., or 9 km., to have a capacity of one microfarad. 

When the centers of the spheres are separated by a small dis- 
tance d, the capacity is given by the following expression : 

If the dielectric between the spheres is made up of several 
spherical layers of different specific inductive capacities, the ex- 
pression for the capacity is as follows : 

1 



m 



u^ 



(16) 



rt is the radius of the sphere which separates the layer i from the 
layer i + 1. 

Comparing fonnulas (13) and (15) it is seen that displacing the 
centers of the spheres reduces the capacity. 
Example. — 

Ti = 30 cm., rj = 28 cm. 

By formula (13), 

^ 30X28 1 _ 1 

^"30-289X10" 9 X 10' ' 
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If the centers of the spherea are separated by 0.5 cm., that is, in 
fonmila (16) d = 0.5, we get 

„^ 3QX28 i 210 I 

30-28^ 10,096S 

= 420 11- 0.021} g 

Displacing the centers of the spherea by 0.5 cm. reducas the 
capacity by two per cent approximately. 
Capacity of Disk insulated in Free Space. — 

C-i ■ (17) 

d = diameter of disk in centimeterB. 
Capacity CoeflBcients of Two Spheres.* — If we apply a differ- 
ence of potential to two spherical conductors which are separated 
from each other, the relation between the charges and potentials 
are ffven by the followii^ equation: 

ffi = CFi + CnVi and 5j = dVt + CnVi, (18) 

where Ci, C» and Ca are the capacity coefficients of the spheres. 

Maxwellf derived general forraulse for the capacity coefficients 
C\, Ci and Cu covering the cases of equal and unequal radii of the 
two spheres with any distance separation between them. The 
general formula, however, as given by Maxwell are somewhat 
complicated, so we shall give here only the simplified formulce 
obtained by Russell, whicli are applicable only for spheres of 
equal radii. 

Let the radius of each sphere be a and d the distance between 
their centers; then, 



^' ^^fj,sinh(2s + l)c 
^ sinh2 Aa 



sinh a = - and 4 X» = d» - 4 a*. (20) 

* AlexMider Russell, Jmmud of the InstitvtUm of Bkctrieal Engineera, Feb., 
1912. 

t Maxwell, EleeSricUy and Mopneiisin, Vol, 1, p. 270, % 173. 
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Denoting - by y, formula (19) may be put in the following form : 



'+. 


• ' (»' + »)= 


-(2b' 


+ !)• 


"?• 


Ca 


' 1 « 


+ y 






a 


V ' (»' + !/)■ 


-dv 


+ 1) 




BC, 


-=^ 


I'y 


2 




M 


(»■- 


2l/)-' 


8Ca 


-F^- 


y' + i 

y 




1 


ad 


/ 


-4s' 



(22) 



Ci is the capacity of the sphere when all neighborii^ conductors 
are at zero potential. When the chaises on the two spheres are 
+ q and — q respectively, and V is the difference of potential 



this is the capacity generally considered in engineering problems. 
In this case, if V and — V are the potentials of the two spheres, 



27" 



(23) 



When both spheres and all neighborii^ conductors are at the 
same potential V, then 

q = CiV + CnV. I 



= Ci + Ca = C'.\ 



When y is not less than 3 the values of C and C" are given by the 
following formulse: 

2C ^ y(y-iy y + l 1 
a y(y- 1)^-1 y* j/«' 

^ = y(y + 1)' _ y-i _ l 
a yi.y + 1)^ + 1 y' y'' 
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For values of y greater than 8 we have the followii^ fonnulfe: 



a V v' v' «* 



y y' 



The Laws of Attraction and Repulsion Between the Spheres 
When the Potentials are Given. — If we denote by W the 
electrostatic energy of the system, we have 

W = iCi (7i» + 7,*) + CaViVt (27) 

and the force acting between the spheres is 



A and B are given by equation (22). 
In practice three cases may arise; 

(1) When the potentials are equal and opposite. 

(2) When they are equal. 

(3) When one of the spheres is at zero potential. 

In the first case the force F is attractive and is given by 

. = (A+B,.. = ^-^-l-(i±^--.?i^)... (29, 

In the second case the force F' is repulsive. 

r = (.-.).:=(^,-i.-^%4?it^)... <30, 

In the third case the force F" is attractive. 

F" = \aV* = f-j-~i . , \ .. V*- (31) 

2 \^*-iy y(y*-2y)y ^ ' 
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When y is lees than 2.001 we have the following very approxi- 
mate fonuulee: 

2(ii-2o) 
F - 0.07386 v. 



figure accuracy. 

d 
F'.^-i—V 

Capaci^ of Linear Conductors. — For the transmismon of 
electrical enei^, linear conductors are employed in the form of 
overhead wires, concentric mains or cables. In some of these 
oases the derivation of capacity fonnulEB offers considerable 
analytical difficulties. A sufficient number of formulfe have how- 
ever been derived to cover nearly all caaee which are apt to arise 
in practice. 

Overhead Wires.* — We shall first consider the case of over- 
head lines where the ground acta as the return conductor, which 
is generally the case for telegraph lines. 

If we have a single wire of radius a suspended at height h above 
ground ite capacity is 

" '— ' a-i. (34) 



I is the lei^h of the line in centimeters; h and a can be expressed 
in any units so long as they are both expressed in the same units. 
We may write formula (34) in the following form: 

0.0894 , ., ,„,, 

C = yj mf. per mile. (35) 

log.- 

• See O. Heaviside, CoUected Papers, Vol. I, pp. 42-46. 
F, P. Fowle, "Calculation of Capacity Co^cients of Wires," Eleetneal 
World, VoL 58, Aug., 1911. 
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FonnulEB (34) and (35) give only an approximation, the degree of 
approximation being better the greater the ratio -• For laige 

values of - formula (34) gives fairly accurate results. Prof. 

Kennelly • has obtained an ^Bct formula for this case which is as 
follows: 



or we may put it, 



Example. — 



C = T mf. per mile. 

cosh"'- 



-By (35), 
By (37), 



C = r^ = 0.0384 mf . per mile, 
log, 10 ^ 



The difference in results by the two formula is about 1.5 per 

cent. For greater values of - the results by the two formula will 

be more nearly equal. 

Formula (35) was derived on the assumption that the con- 
ductor is suspended in free space and that there are no other con' 
ductors near by to influence the value of its capacity. This is a 
condition which is never realized in practice. Generally there 
are a number of wires suspended on the same pole and the capacity 
of each conductor is affected by the presence of the other con- 
ductors. In the following we shall give some formulse for the 
case of two or more grounded wires suspended on the same pole. 

• A. E. KenneUy, Proe. Am. PhU. Soc., Vol. 4S, pp. 143-166, 1909. 
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Two Grounded Wires. — Two wires 1 and 2 are suspended at 
heights ^1 and ht above ground and at distance da from each 
other (see Fig. 27). 



r 



V/ 



The capacities of wires 1 and 2 and Uie mutual capacity he- 
tweeu tliem are 

2h, 



(38) 



0.0891 log. 
Ci = jr ~ mf . per mile, 

0.0804 log, — 
Ci = TT ~ mf. per mile, 

0.0894 log, j! 
-Cm= K mf . per mile, 



where - /, 2M /, 2*,\ /, *„V 

Oi and at are the radii of wires 1 and 2 respectively. 

When the wires are of the same radii, ai = at = a, and at the 
B^ne heights above ground, hi = ht = h, formulse (38) reduce to 
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0.0894 log. - 



(log,-) -(log. ^ j 

0.0894 log. ^^^^51*' 



mf . per mile, 



(log.-) -(log. J ) 



, mf . per mile. 



Example. — Single wire, No. 8 B. 4 S., suspended 25 feet above 
ground. 

o . 0.0642 in., log.^ = log.^^ - 9.142. 

C = ^~ = 0.00978 mf . per mile. 

Example. — Two grounded wires, No. 8 B. & S., equal heights 
above ground 25 feet and distance apart 1 foot. 
As in the preceding example we have 



log,— =9.142, 



log.:^^i+l^ = 3.912. 



-Cti-- 



(9.142)* - (3.912)* 

0.08&4 X 3.912 
(9.142)* - (3.912)* 



= 0.0120 mf. per mile, 
= 0.0052 mf. per mile. 



An additional wire on the same pole increases the individual 
capacity of each wire. In the case considered in above examples, 
the increase in capacity b about 23 per cent. 

As we increase the number of wires on the same pole the in- 
dividual capacities of the several wires are continually increased. 
We shall give here formulte for the capacities of three and four 
wires. Though the formulte are not very simple, and are unwieldy 
for numerical computation, yet the numerical examples worked 
out here will ^ve some idea of the magnitude of the increase 
in capacities as the number of wires is being increased. 

Three Grounded Wires. — The wires are at equal heights h 
above ground, the same dbtances d apart and of equal radii a. 
Wires 1 and 3 are symmetrically situated with respect to wire 
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2, hence their capacities are equal and for the same reason the 
mutual capacities Ca and Cas &re equal. 



0.0894!/log.^y- (log. 



Vd' + ik''\ 



C, 



«-o-SKv)'-K^^')l 



) mf.per 
mile, 



mf.pe 
mile, 



o.os^j(io,^^!+lg)(io,yj!+l--io,^^)i 



mf. pet 
mile, 



o...j(.o,^g!Wy-^io,aj><,o,.:giTigj 



(40) 



D .(l„g.^)'+21og.^^-(log.^:5+i5)' 

„, 2»/, Vd' + ih'V , 2ft/, Vd' + h'\' 
-21og -(log, J— j - log.-(l„g.— j_) . 

Example. — Use same constants as in preceding examples. 
a = 0.0642 in., A = 25 feet, d = 1 ft. 



log. — = 9.142, log. 



Vii' + 4ft' 



3.912, log.- 



8.54 - 279.84 - 94.80 ■ 



C, 



- 0.08911(9.142)'- (3.22)'i „„,„, , 

Ci = ', — ^ — = 0.0134 mf. per mile. 

0.089413.912X5.921 



0.08941(3.912)' - 9.142 X 3.912} 
488.4 



0.0043 mf. per mile. 

0.0038 mf. per mile. 
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Four Grounded Wires. — Suppose we have four grounded 
wires placed at the comer of a rectai^e as shown in Fig. 28, 
and we shall as&iune that the wires are of equal radii r. 

Let 

log,~ = a, tog, ■^ = b, 



I n» „ 



log. J- = d, 
I A„ , 



The dgnificance of the subscripts to k and d are obvious from 
the figure. 



-V- 



V 



T/ 



Fig. 28. 

He capacities of the separate wires and the mutual capacities 
are as follows : 

C- ft. (o («•-/■) +(i(c/-<fe)-c((i/-ce)i+C 

Ci - C, - |e (a' - 1") + (i (6c - <kJ) + c (M -uc)) +D 

-C„- i<iW-cc)+cW-4)+6(e>-/>)i+D 

-C„ Cu.|c(c'-<i")+6(<ic-c/)+o(d/-ec)|+D 

-C„--Cu-|iW-cc)+o(cfe-i^) + (i(c'-<i')l+D 
-C«- iii(M-oc)+c(6c-iI(i)+/(a=-6')l + D 
Z)-2|(a'-6")(e'-/') + (e'-d')>+2(oc-id)(d/-ec) 
+ 2(oii-6c)(5f-ifc)|. 



(41) 
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Example. — The wires are of No. 8 B. & S. r = 0.0642 in. 
The height of the lower two wires ia 25 ft. above ground. 
The vertical distance between wires du = 1 ft. 
The horizontal distance between wires da = 2 ft. 
We have then 
hu = 52 ft., ka = ^2708, ha = 51, ku = v'2605, 
ha =50, Am = V2504, d« = 2, da = 1, du = Vs, 
a = 9.182, b = 3.259, c = 3.932, d = 2.628, e = 9.142, / = 3.22. 
Z) = 2 [73.65 X 73.17 + (8.52)* - 2 X 2.75 X 27.45 

-2X11.33X11.381=7388, 



7388 



^ ^ 673.16-29.80-108.1 ^ 1.61 « „, „ - ., 

Ci = C4 = =ggg X -5- = 0.013 mf. per mile, 



-C„--Ci, 



7388 



^ ^ -89.5 + 104.5 + 22.4 ,, 1.61 „™« , ., 

-Csa= -Cu= 7000 X -5- =0.0009 mf. per mile, 



-Cm 



-72.3-44.5 + 237.1„1.61 



7388 



X-^ = 0.0029 mf. per mile. 

Capacity of Condenser foimed by Two Long Parallel 
Cylinders.* — The capacity of a looped conductor may be ex- 
pressed either as the capacity per unit length jf each wire or the 
capacity per imit length of loop, the capacity of the latter beii^ 
one-half that of the former. In single-phase transmission lines 
there is not much advantage in favor of one or the other, but in 
the case of three-phase transmission lines it is of some advantage 
to express the capacity per unit length of each wire. 

• Alex. RusBdl, "The Theory of Altanating Currents," Vol. I, Chapters 
rVandV. 

"Theorie der Wechselfltrame," J. L. LaCour und 0. S. Bragatad, pp. 



H. Pender and H. S, Osborne, "The Capacity between Two Equal Parallel 
Wiree," Electrieai World, Vol. 66, pp. 667-670, Sept., 1910. 

A. E. Kennelly, "Graphical Representation of the Electrostatic Capacity 
between WirM," EUeincal World, Vol. 66, pp. 1000-1002, Oct., 1910. 
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In formulEB (42) to (48) we shall employ the following notations: 
a = radius of conductor, 
d = interaidal distance, 
h = height above ground. 
When the interaxial distance between wires ie large compared 
with the radius of the wire, we have for the capacity per unit 
lei^h of conductor 

C L^ (42) 

and the capacity per unit lei^th of looped conductor 

C L,. (43) 



Expressing the capacity in mf. per mile, fonnulffi (42) and (43) 
assume the fonns 

_ 0.0894 

log.; 

„ 0.0447 

log.- 

When the interaxial distance is not very large, we must use the 
more accurate formula 
„ 0.0894 



log. 



'^/MiJ- 



- mf . per mile of single wire, (45) 



In the derivation of formula (45) the influence of the earth, as a 
near-by conducting plane, was neglected. Its effect is negl%ible 
where the wires are at a considerable height above ground, 
which is usually the case for transmission lines. Some cases, 
however, may arise where it is desirable to take into accomit the 
influence of the earth and in that case, if we have two wires in 
the same horizontal plane height A above groimd, the capacity of 
each wire is 

mf. per mile of single wire. 
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If the two wires are placed one vertically above the other, the 
capacity is given by 

„ 0.0894 



■*l^.+v/^i+'»-('-(3^) 



mf. p^ mile of 



single wire. (47) 

If d is small compared with A, equation (47) may be written 

0.0894 , ., .... 

■^ - mf. per mile, (48) 



■-Sf.WG-J-? "■ 



l2a^y\2aj ) (d + 2A)» 

where h, in formulae (47) and (48), is the height of the lower wire 
above groimd. 

The capacity of the conductors is a little less when they are 
placed one above the other than when they are placed in the same 
horizontal plane, assuming that the distance between the wires 
is the same in each case. 
Example. — 

a = 0.1 in., d = 2 ft., A = 5 ft.. 



\^aW^. 



^y_ij = log. 240 = 5.480, 



log. (l + ^) = log. 1.04 « 0.039, tog. (l - ^rf^^2A)' ) ''■*'^- 

By formula (46), C = g 48- 0039 " ^'^^^^ ^^- ^^ °*''®- 

By formula (47), C = 5 ^'^^q2S = 0.01640 mf. per mile. 

It is seen from the above example that even when the conductors 
are brought within 5 feet from the earth the capacity U increased 
only by about 0.7 per cent, so that in. all practical cases we can 
n^ect the earth's influence and use the simple formula (44) or 
(45). 

When the radii of the wires are not equal, as has been assumed 
in the above formula, we have 

„ 0.0894 , ..... 

C = I. ■ ■ I . I.I -I. — . mf . per mile su^e wire, (49) 



Slog. 
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where a = =-^ ■ 

2 aids 

Oi and Ot are the radii of the two wires. 

The capacities of looped conductors can be also expressed very 
conveniently in terms of anti-hyperbolic functioDB, as has been 
done by Prof. Kennelly.* 

When the radii of the wires are equ^ we have 

^ 0.0894 , .,,.,. 

' - 7"TT ™' ■ P®'' ™"^ *** single wire. (50) 



-(^^ 



This formula is equivalent to (45). 
For unequal radii we have 



2W 



mf. per mile of ^ngle wire, i^ch is equivalent to (49). 
Formulfe (45) and (50) are equivalent to each other since 



'°8-l^+v/(5^)'- 'I "<»''■- 



and both fonnulse are exact. 



^ven for values of ~— from 1.01 to 25. 



than 5, increasing in degree of accuracy as the value of jc~ in- 
creases. When 5— is small, that is, when the wires are close 
together, the results by formula (44) are considerably in error. 

• A. E. Kennelly, Proc. Am. PkH. Socy., Vol. 48, pp. 142-165, 1909. 
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ample. — 

r 




1-- 






toraiula (44), 










c. 


0.0894 
2.9966 


■■ 0.0298 ml. 


per 


mUe. 


fonnula (45) 


or (50), 








C 


0.0894 
2.9932 


. 0.0299 mf. 


per 


mile. 


fonnuU (44), 










c- 


O0894 
1.0986 


: 0.0614 mf. 


per 


mile. 


tonnula (45) 


or (50), 








C- 


0.0S94 
0.8670 


. 0.1031 mf. 


per 


mile. 



The error in formula (44) for this case is about 27 per cent. 
Example. — For wires of diflferent diameterg, 

Oi = 0.5 cm., os = 1 cm., d = 10 cm. 

By formula (49), 

^^100-1-0.25^^3^3^ 

log.Ja + V^*^^! =5.275, 
C = 1 (e 97 g^ ™ 0'03* inf- P«r mile single wire. 
Workii^ out the same example by formula (50) we get 
' ^ = 2.9932, 

2oi "" 

: = 0.034 mf . per mile single wire. 



^ i (2.9932 + 2.924) 
The results by fonnulie (49) and (50) agree exactly. 
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Two Metallic Circuits Suspended on flie Same Pole.* — If 
we have two circuits suspended on tlie same pole, the capacity of 
either circuit will be sensibly influenced by the proximity of the 
other circuit and the capacity will be larger than that given by 
formula (44). Suppose we have two circuits (1, 2) and (3, 4) on 
the same pole, as shown in Fig. 29. The capacity of circuit 
(1, 2) may be expressed by the formula 

log. ^X 0.179 



"*^'*t-('-s; 



. yr, mf . per mile of loop conductor. (52) 



A- 



-K 



A^ 



X 



P' 






W 

Fig. 29. 

If circuit (3, 4) were removed to an infinite distance from 

circuit (1, 2) we should have-r-r = 1 and loK,-r-r = 0. 
d\di didi 

Equation (52) would reduce to 

C = — '■ — j-mf, per mile of loop conductor, 
41og,-^ 

which is formula (44). 

If the circuits are separated by a distance of 5 feet or mote, 
the capacity is modified but slightly on account of the proximity 
of the other circuit. If, however, the circuits are brought close 
tc^ether, the capacity may be affected materially. 

* Louis Cohen, Lmdon Electrician, Feb. 14, 1913. 
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Examp 


U.— 
o - 0.1 in. d . 2 ft. d, - 2 ft. d, - 1 ft. 




d, - 3 ft. d,- 2.24 ft. d, - 3.6 ft. 




log.^-log.|t-log.240- 5.480, 




log.* - log,^ - log. 240 - 5.480. 




log, ^ - log, 1.860 - 0.624. 


C- 


.^;^,y.°™ - 0.00824 mf. per mile, loop wire. 



If circuit (3, 4) were removed, the capacity of circuit (1, 2) 
would be 

<^ = A ^-il^Ao = 0.00612 mf. per mile of loop mre. 
4 X 5.48 '^ ^ 

Tlie presence of circuit (3, 4) has increased the capacity of (I, 2) 

by 1.5 per cent. 

Three-phase Transmission Lines.* — If the spacings are 

symmetrical, as in the case when the wires are placed at the 

vertices of an equilateral triangle, and the voltages on the lines 

are balanced and equal, the capacity for each wire is the same 

as for a single-phase tranamission line, 

„ 0.0894 , ., 

C = T- mf. per mile. 

log,j 

The value of C as given above is the capacity between each wire 
and neutral, and 

d = distance between wires, 

a = radius of wire. 

Chargii^ current per wire is 

EuC 

For unsymmetrical spacing, the calculations of the capacities 
or charging current in a three-phase line b very much involved, 
and b not of any great practical importance. It is therefore 
omitted here. 

* F. A. G. Ferrine and F. O. Batim, Troiu. Am. Itut. E. E., May, 1900. 
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We may get an idea of the error introduced by using formula 
(44) for unsymmetrical spacings by determining the limiting 
values of the capacities as given by that formula. 

As an illustration let us consider the case of the three wires 
arranged in a horizontal plane. The distance between wires is 12 
feet, and the conductors bemg No. B. & S., the radius a = 0.163 
inches, taking d = 12 feet we have 



log.;; 



6.78, 



6.78 
For d=24ft., log.- = 7.37, 



0.0132 mf. per mile. 



= 0.0121 mf. per mile. 



Q 



\ 



v^' 



FiQ. 30. 



Prof. Karapetoff* states that Mr. J. G, Pertsch, Jr., found that, 
with certain simplifyiBg assumptions, and when the wires are 
transposed, the equivalent spacing for the inductance and capac- 
ity is equal to the geometric mean of the three actual spacings, or 

* For a detailed diHcussion of the charging currents in a tbree-phase line 
with uneymiaetrical apacings, aee "The Electric Circuit" by V. Karapetoff, 
p. 199; and an article by G. S. Humphrey, Eleemeal World, Vol. 58, p. 130O, 
Nov. 26, 1911. See also "Inductance and Capacity of Thiee-phase Tranamia- 
eion Lines," by Louis Cohen, Ekctndan, July 18, 1913. 
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In the above example for instance, 
d., = -^12 X 12X 24 = 16.12, log, ^" = log. ?^^^^^ =7.012, 



Capaci^ d Horizontal Antemue.* — A horizontal antenna is 
generally made up of a number of wires in parallel suspended at 
a considerable height above ground. To obtain an expression for 
the capacity of such a network of conductors b rather a difScult 
matter. We may, however, obtain an approximate value of the 
capacity of antenme by an mdirect method. 

For linear conductors we have the following relation between 
the inductance and capacity: 

v.-L c--^ 

LC' LV" 



(54) 



where L is the inductance in cms. per cm., C is the capacity in 
cms, per cm. expressed in electromagnetic units and y is the veloc- 
ity of light (V = 3 X 10'" cms. per cm.). The relation given by 
equation (54) is only strictly true when there is no energy loss in 
the conductor, that is with perfect conductivity. The expression 
for C as given by equation (54) gives fairly accurate results if in 
the evaluation of L we neglect that part of the inductance which 
is due to the magnetic field within the conductor, and consider 
only the inductance which is due to the external magnetic field 
of the conductor. 

In Chapter II we have given a set of formulae, (65) to (71), for 
the calculations of the inductances of two, three, four and five 
wires in par^lel, and we have also indicated a method for the 
approximate determination of the inductance of any number of 
wires in parallel; hence, knowing the inductance we can use for- 
mula (54) to determine the capacity. 

As an illustration let us consider an antenna of the following 
constants: 

a (radius of wire) = 0.08 in., 

d distance between adjacent wires = 2 feet, 

h he^t above ground = 80 feet, 

10 wires in parallel and 150 feet long. 

■ Louifl Cohen, Electridan, Feb. 21, 1913. 
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neglecting the internal m^- 



The self inductance of a single 
netic field of the conductor, is 



.60 X 12 ^ 
0.08 



The mutual inductance between two adjacent wirea is 

By formula (70), Chapter II, we find the inductance of five 
wires in parallel, 

£' = 9.51 cms. per cm. 

The mutual inductance between two wires placed at a distance of 
5(2 is 



and the total inductance of the 10 wires in parallel is 

„ L' + M' 9.51+5.54 _ ,_ 

jC = — 5 = s = 7.52 cms. per cm. 

The capacity of the antenna is 

^ 9X10»X7.52- 9X10»X7.52 -0«»68mf. 

Concentric Cylinders. — The capacity of a condenser formed by 
two concentric cylinders is 

21„g.5 

0.0894 JC , 
= ml. per m 

log.g 



where 



rj = inside radius of outer cylinder, 
n = radius of inner cylinder, 
K = Bpeciflc inductive capacity. 




Fio. 31. 
If the dielectric between the cylinders is not homogeneous, but 
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consists of several cylindrical layers of different specific inductive 
capacities, formula (55) assumes the form 
0.0894 



<^-7. 






ri-i 



Ti, radiuB of inner cylinder = 1 cm., 
Tf, inner radius of outer cylinder = 2 cm. 
The dielectric consists of two layers each one-half cm. in radial 
thickneee, the specific inductive capacities being 5 and 3, respec- 
tively. 
Introducing these values in formula (56) we get 

0.0894 0.0894 rtenc < -i 

— j = 0.505 mi. per mile. 



^ 1, 1.5 , 1, 2 "0.0811+0.0959" 

glOg.^+3lOg,^ 

A uniform dielectric of specific inductive capacity 3 or 5 
would give, in the above example, a capacity of 0.39 mf. per mile 
or 0.6B nif . per mile, respectively. 

If the axes of the cylinders are displaced with respect to each 
other by a distance d, the capacity is given by 

„ 0.0894 JC , ., ,„, 

C = -—7 , -^ mi. per mile, (57) 

log.(/3 + V^^^^) »™ ' 



where 



. ra' + n* - d* 
2W, 



If d* is small compared with r»* — n', then appix>ximately, 
„ 0.0894 K 



I* 



_rj d^ 

n rj* - T 



^mf. per mile. 



Another approximate formula which has been derived for this 
case is ss follows: 

p _ 0.0894 Jf i^^ ^ Imf.permile. (59) 

log.g 



■^h+ ^ 1 
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By comparing formuls (58) and (59) with (55) it is obvious from 
inspection that the capacity is a minimum when the axes of the 
cylinders coincide. As an illustration of the relative accuracy 
of formula (58) and (59) the computed values of the capacities 

by fonnulse (57), (58) and (59) for - = 4 and different values of 

d BSG given in the followii^ table: (K = 1.) 



1* 


r.. 


d. 


FormulfifiT. 


ForaulaS*. 


Fannalase. 


4 
4 
4 
4 


1 
1 
1 

1 




1 

2 
2.5 


0.0646 
0.0676 
0.0637 
0.1111 


0.0645 
0.0676 
0.0829 
0.1054 


0.0645 
0,6750 
0.0773 
0.0837 



The results by fonnulse (57) and (58) agree very closely for 
all values of d, while formula (59) is applicable only when d is 
small. For comparatively large values of d, the error in formula 
(59) is considerable. 

Capacities of Cables.* — In the discussion of capacities of 
cables it will be convenient to introduce the term " effective 
capacity," which we shall designate throughout by C,. By the 
term effective capacity we mean that factor which, multiplied by 
the time rate of variation of electromotive force, will give the 
value of the chargii^ current, that is, Z = C, 2 tttiE. In the case 
of a simple condenser, the effective capacity is merely the capacity 
of the condenser, but in the ease of cables the effective capacity 
varies with any alteration in the other parts of the circuits as for 
instance when the lead sheath is grounded or insulated, or any of 
the other cores are grounded, etc. 

In engineering problems we are mostly interested in knowing 
the values of the charging currents for a certain e.m.f. and a 
certfun frequency, hence it will be very useful to obtain formulae 
for the effective capacity of any cable system. 

* Alex. Rueaell, "Theory of Alternating Currenta," Vol. I, Chaptras IV 
andV. 

L. LichtenBtcin, "Capacity of Cables," Elektrotech. Zs., Vol. 25, pp. 106- 
110 and 124-126, Feb., 1904. 

L. Lichtoist^, Beitrage zur Theorie der Kabel; Dissertation KOniglicben 
Techniscben Hochechule in Berlin, 1908. 
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Concentric Cable. — We shail consider first the case of a siinple 
cable having a lead Bheath and an iron sheath and insulating 
dielectrics between them. 
Let 

n « the radius of conductor, 
fi = the inner radius of lead sheath, 
rg = the outer radius of lead sheath, 
U = the inner radius of iron sheath. 




Fia. 32. 



Ki is the specific inductive capacity of insulating material 
between conductor and lead sheath and Kt is the specific inductive 
capacity of insulating material between lead and iron sheath. 

If the lead sheath b grounded the capacity of the cable is simply 
that of a cylindrical condenser fonned by conductor and lead 
sheath, that is, by formula (55) 



£i 0.0894 



mf . per mile. 



(60) 



If, however, the lead sheath is insulated, chaises are induced on 
the outer surface of the lead sheath and the inner surface of the 
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iron sheath and thus another condenser is formed between lead 
and iron sheaths whose capacity is 



log.^ 



(61) 



The effective capacity of the cable ia that of the two condensers 
in series, that is, 

_ cc 



(62) 



If K, - K. ' 



a have 



g 0.08 94 
■.og.5 



mf . per mile. 



The capacity of the cable is reduced when the lead sheath is in- 
sulated. 
Example. — 

n = 1 cm., n = 1.5 cm., rj = 1.75 cm., rt = 2.5 cm., 

log.-' = 0.405, log,- = 0.356, log,^* = 0.761. 

C = 0.221 K mf. per mile, 
C = 0.251 K mf. per mile, 
C, = 0.118 K mf. per mile. 

In this case, by insulating the lead sheath, the capacity of the 
cable ia reduced to about 50 per cent of its value when the lead 
sheath is grounded. 
Triple Concentric Cable. — 
Let ri = the radius of inner conductor, 

rg = the inner radius of second conductor, 
tb = the outer radius of second conductor, 
^^ =■ the inner radius of third conductor, 
r^ = the outer radius of third conductor, 
r« = the inner radius of lead sheath. 
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We have in this case three cylindrical condensers fonned tie- 
tween the several conductors, whose capacities are, 
„ Xi 0.0894 



Jf, 0.0894 



- mf . per mile, 



mf . per mile, 




Fig. 33. 

We shall assume that the three conductors are supplied from a 
three-phase generator delivering an electromotive force of pure 
sine form, the st^tor being star'conuected. 

If the neutral point is grounded, the charging currents have 
the values 
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h = uEiC,V3as 
Jn =wECi3in[uf- 



.<U- 



»i + ^ 



(64) 



The chargii^ currents consist of two components differii^; in 
phase from each other and we cannot, therefore, speak of effective 
capacity in the case of a triple concentric cable. The effective 
values of the charging currents may be obtained graphically. 

If the stator winding is insulated, neutral point not being 
grounded, we have for the chai^g currents 



7i = uECiVs cosLd ~^' 

h=o>E\- Ci V3 cos (w(-^j+C,V3 sinter 



(65) 



/, = - cE VsCjsinorf. 
In this case also the chaipng currents can be best obttuned 
graphically. 

C^iacity of Two-core Cable. — The effective capacity of a 
two-core cable can be expressed for all possible arrangements in 
terms of Ci and Cm, where Ci is the capacity of No, 1 conductor, 
when No. 2 and the sheath are grounded and Cu is the mutual 
capacity between the two conductors. The values of Ci and Cn 
in terms of the dimensions of the cable are. 



log< 



[ Rr ) 



X 0.0894 K 



-J mf . per mile. 



/, R'-dX /, d^ + Ry 



, mf . per mile, 



R is internal radius of sheath, 
r is the radius of either conductor, 
d is the distance between centers of sheath and 
either conductor. 
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It is assumed that both conductors are of the same radius and are 
at the same distance from center of sheath. 

If the sheath is grounded and the two conductors are con- 
nected to a generator supplying an alternating e,m,f., we shall 
have for the charging current 

I = C^E 
and C, (efifective capacity) = i (Ci - Cu). (67) 




Fid. 34. 

If we introduce the values of Ci and Ca from (66) we shall 
have 

„ XX 0.0447 , ., ,„, 

^' = . /fi'-tj' id\ '"'■ ^' "^^- f^> 

Let UB suppose now that conductor 2 and the sheath are both 
grounded. In this case the capacity of No. 1 conductor is simply 
Ci and that of No. 2 conductor, Ca; that is the chargii^ currents 
on the two conductors and sheath are 

/i = CiuE cos ui, I 

/, = Cv^E cos id, \ (69) 

7. =-(Ci + Cu)wEcosw/.| 
If one terminal of generator is connected to the two conductors 
in parallel and the other terminal to the sheath which is grounded, 
the effective capacity of either conductor is 

C. = C. + Ca 
and the total charging current on the two conductors is 

I =2{Ci + Ct2)'^Ec<yBa. (70) 

Elvidently the char^i^ current on sheath is 

/,=-/=- 2 (Ci + (7«) wS cos wf. 
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In all the above cases we assumed that the lead sheath was 
grounded. If the lead sheath is iusulatedj and one terminal of 
alternator is connected to the two conductors in parallel and the 
other to groimd, we have for the effective capacity 

where Co = 2 (Ci + C^) 

and C b capacity of cylindrical condenser formed between lead 
and iron sheaths. 
Examj^. — 

T = 0.5 cm., d = 1.0 cm., R = 2.0 cm. 

C. = l°j^(4-l))<0.0894g _ „^^ ___, ^ ___.,^ 

(■«T-) -('"*-r-) 

(log,-^)-(log.j) 

For the case given by fonnula (68) 

C, = 0.051 K mf. per mile. 
For the case given by formula (70) . 

C. = 0.134 Kmf. per mile. 

For the case given by formula (71) we must also determine the 
value of C. We shall assume that the outer radius of lead sheath 
is 2.3 cm. and inner radius of iron sheath is 2.6 cm.; then, 

C = ^'^"^26 = 0.732*: raf. per mile, 
2 (Ci + Cu) = 0.134 K mf. per mile 

CCn 

and C,= f, ,fi - = 0.114K mf. per mile. 

Capaci^ of Three-core Cables. — As in the case of a two-core 
cable we can express the capacities of the various possible ar- 
rai^^ements in terras of Ci and Cu- It is assumed that the 
conductors are symmetrically placed with r^pect to the axis of 
the sheath. 
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The fonnulte for Ci and Ca are 




ail = 2 log. - 



oris = lo& 



{KS+'+D}' 



= radius of sheath, 
r = radius of conductor, 

d = distance between axes of conductor and axis of sheath. 
An equivalent formula to (72) is the followii^: 



1 


((JV5 fi'-iP ) 

( r (fi' + BW + <J')iS 

1 




Slog, 


<JV3 K'-d- ) 



Fonnulffi (72) and (73) were both derived by the aid of the prin- 
ciples of images and give identical results. 

The values of Ci and Cn in formula (72) and (73) are given in 
electrostatic units. To convert them to microfarads per mile we 
must multiply by the numerical factor 0.179 and, since the con- 
ductors are embedded in a dielectric, we must multiply by K the 
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specific inductive capacity of dielectric. As tax illustration we 
shall consider a cable of the following dimensions : 

r = 0.5 cm., B = 2.5 cm., d = 1.3 cm. 
ai = 2 log, 3.65 =2.6, 
tttt = log. 1.66 = 0.51, 

„ i(2.6)»- (0.51)'! 0.179 £ <,<^m^ t -i 

*^' = (2.6)'-3X2.6X(0.51)' + 2(0.51)' ''»-Q^*^°^^P^°'''^- 



■■- raR^--.lvafiv(n5n.-.-^lnBn. --''°'""'P^^°"'°- 



I (0.51)' - 2.6 X 0.511 g X 0.179 

;2.6)' - 3 X 2.6 X (0.51)" + 2(0.51)^ 

By formula (73) we find for the same example, 



(B' + BW + d')i 
3«'(!V "■"*' 2 



0.63, 
-4.5, 



, Jr-* ,„ , UV3„ R'-<P ) . „. 

and 

Ci = 0.074 it mf. per mile, 

Cn = - 0.01 19 K mf . per mile. 
From this example it is seen that both formulse give identical 
results. 

We shall assimie now that the three cores of the cable are con- 
nected to a three-phase star-connected generator supplying an 
e.m.f. of pure sine form, the neutral point and the lead sheath 
beii^ grounded. In this case the effective capacity of each con- 
ductor is 

C. = Ci - Cu. (74) 

Tlie chai^ng currents on the three conductors are equal to each 
other in amplitude and differ, of course, in phase by 120 degrees; 
liiat is, 

7i = wC,^E„ cos tat, 

2ir 



(75) 



It = o)CtE„ coa{<d — 
It - f)CJ!m cos ( wi — ^ 
If we ground one conductor and connect the other two con- 
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ductors to a single phase generator, the effective capacity of each 
conductor is 

The chargii^ currentB on the two conductors are equal and oppo- 
site in sign; 

/, = —/, = CtuE^ costal. 

A three-core cable is supplied with a single phase alternating cur- 
rent, two conductors connected in parallel for the transmission of 
the outgoing current and the third conductor being the return, the 
lead sheath grounded. Such an arrangement offers the somewhat 
peculiar condition that for the same e.m.f. the charging currents 
on the conductors differ when the neutral point of the winding 
is grounded or insulated. That is to say, the effective capacities 
of the conductor depend on the electrical canditiou of the stator 
winding, grounded or insulated. 

In the ffrst case when the neutral point of stator winding is 
grounded the effective capacities of the three conductors, 1, 2 and 
3, are i C, § Ci, iiCi-2 C«), respectively. 

The chaining currents are 

h^h = hClwE^CQBU, 1 

/B=-i(Ci-2Ci2)u£„cos«(.l ^ ' 

The chugii^ current on the inner surface of the sheath is 

/, = - J (Ci + 2 Cis) cE„ cos ut, 
and 

Ii + h + U + I.=0. 

It is evident from (77) that the currents in the outgoing and 
return conductors are not equal. 

When the stator windii^ is insulated, the effective capacities 
of the three conductors, 1, 2 and 3, are 

5 (C, - Cu), i (Ci - Cu) and | (Cn - Ci), respectively. 
The chai^g currents are 

Zi = 7, = I (Ci - Crd <aE„ cos «(,1 
h = i (Ca - Ci) uE„ cos m(. ) 
Evidently, as required, 

/i + /i + /a = 0. 



(78) 
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The above example shows that the effective capacity depends 
Bot only on the arrangement of the conductors but also on the 
electrical condition of the stator winding with respect to the 
cable, that is grounded or insulated. 

A list of the capacities that can be obtained from a three-core 
cable is given in Russell's "Alternating Current Theory"as follows: 

(1) Capacity between 1 and 2 (3 grounded) = § (Ci — Cu). 

(2) Capacity between 1 and 2, 3 = J (Ci - Cu). 

(3) Capacity between 1 and S (2 and 3 insulated) 

_ (C, -Cn) (Ci + 2Cn) 
Ci + Ca 

(4) Capacity betwe^i 1 and S, 2 (3 insulated) 

_ (Ci-Ca) (Ct + Cn) 
Cx 

(5) Capacity between 1 and iS, 2, 3 = C|. 

(6) Capacity between S and 1, 2 (3 insulated) 

2(Ci-Cia)(Ci+2Cu) ■ 

c. 

(7) Capacity between 1, S and 2, 3 = 2 (Ci + C^). 

(8) Capacity between S and 1, 2, 3 = 3 (C, + 2 Cu). 
Example. — Taking the values of Ci ajid Cu as ^ven on page 119, 

Ci = 0.074 mf. per mile, 
Cij = - 0.0119 mf. per mile, 

we get 

(1) Capacity between 1 and 2 = 0.043 mf, per mile. 

(2) Capacity between 1 and 2, 3 = 0.0573 mf. per mUe. 

(3) Capacity between 1 and S (2 and 3 insulated) = 0.0695 mf. 
per mile. 

(4) Capacity between 1 and S, 2 (3 insulated) = 0.072 mf. per 
mile. 

(5) Capacity between 1 and iS, 2, 3 = 0.074 mf. per mile. 

(6) Capacity between S and 1, 2 (3 insulated) = 0.1165 mf. per 
mile. 

(7) Capacity between 1, B and 2, 3 = 0.1242 mf. per mile. 

(8) Capacity between 5 and 1, 2, 3 = 0.1863 mf. per mile. 
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TABLE XI 

Valuss of C and C 

For uae in Formulse (25) and (26) 





C 


C' 


J 


c 


£.'. 


»--■ 






,_-. 






2,0,1 


4.6647 


6931 


2.6 


0,8552 


0,7340 


2.W 


4.0891 


0'6931 


2,7 


0,8275 


0,7401 


2.0.1 


3.5134 


0,6931 


2,8 


0.8044 


0,7460 


2.0,1 


2,9378 


0-6931 


2,9 


0,7847 


0,7517 


2. Oil 


2.3626 


0-6932 


3.0 


0.7677 


0.7572 


2.01 


1.7896 


0,6942 


3.1 


0,7528 


0,7625 


2.02 


1.6191 


0,6946 


3,2 


0.7396 


0.7677 


2.03 


1.5202 


0,6954 


3,3, 


0,7278 


07726 


2.04 


1.4506 


0.6961 


3,4 


0,7172 


0.7774 


2.05 


1.3970 


0.6968 


3.6 


0,7076 


0.7820 


2.06 


1,3536 


0-6975 


3,6 


0.6989 


0,7864 


2.07 


1.3171 


0-6983 


3,7 


0-6909 


0-7907 


2.08 


1.2857 


0,6990 


3,8 


0.6836 


0.7948 


2.09 


1.2582 


0,6997 


3,9 


0,6768 


0,7988 


2.10 


1.2337 


0,7004 


4.0 


0.6705 


0,8026 


2-15 


1.U13 


0,7040 


5.0 


0,6263 


0,8345 


2.20 


1.0775 


0.7076 


6.0 


0,6006 


0.8577 


225 


1,0291 


0,7117 


7.0 


0,5836 


0,8753 


2.30 


0,9911 


0,7144 


8,0 


0,5712 


0,8891 


2.35 


0,9594' 


0.7178 


9,0 


0-5626 


0-9001 


2,40 




0,7211 


10-0 


0.5556 


0,9092 


2.45 


0^9095 


0-7245 


100 


0.5061 


09901 


2.50 


0,8892 


0,7277 


1000 


0,5005 


0,9090 





'^^ 


c«h-.^. 


d 
Fa- 


^i- 


ewb-"^. 


1-01 


0,7031 


0,1413 


3.5 


1,9459 


1,9248 


1,05 


7419 


0.3149 




2,0794 


2,0634 , 


1-1 


0,7885 


0.4435 




2,1972 


2.1846 


1.2 


0.8755 


0,6224 


5,0 


2,3025 


2.2924 


1.3 


0,9555 


0,7564 


6,5 


2,3979 


2,3895 


1.4 


1.0296 


0,8670 




2,4849 


2.4779 


1.5 










2,6339 


1.6 


1.1631 


1,0470 


8.0 


2,7726 


2,7687 


1.7 


1,2238 


1,1232 


9,0 


2.8903 


2,8873 




1.2S09 


1.1929 


10,0 


2,9956 


2,9982 


1.9 


1.3350 


1.2569 


12 


3,1780 


3,1763 


2,0 


1,3863 


1.3170 


14 


3.3322 


3.3300 




1.4816 








3,4648 


2,4 


1,5686 


1,5216 


18 


3,5835 


3.5827 


2.6 


1,6487 


1,6096 


20 


3.6883 


3.6882 


2.8 


1.7228 


1,6886 


25 


3.9119 


3,9116 




1.7918 


1,7627 
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TABLE XIII 
SpBCtnc luDncnvB Capacitibs op Solids (air = unitt) 



SubataDoe. 


dV; capacity. 


Aotbority. 




7.5 

7-7 
2.12-2.34 

2.69-2.94 
1.19 
1.44 

2^66 

2-08 
3,15-3.48 
2.21-2.76 

2,72 

2,56 

2.86 

1,9 

6.7 

6,8 

5-10 

9.00 

7.38 

6.70 

6.61 

6,96 

8.45 
B. 8-6. 34 
6,46-7,67 

6.44-7.46 


Romich and Nowak. 

Romich and Nowak. 

Schiller. 

Schiller. 

Elsas. 

Elsas. 

Elsas. 

Elsas. 

Rossetti. 

Boltzmann, 

Schiller. 

Winkelmann. 

WUlIner. 

Elsas. 

Thomson (from Hertz's 

vibrations). 
Romich and Nowak. 
Curie. 
Various. 
Hopkinson. 
Hopkinson. 
Hopkinson. 
Hopkinaon. 
Hopkinson. 
Hopkinaon. 
Schiller. 
Winkelmann, 
Doule. 
Elsas. 


Caoutchouc 








Celluvert, soft red . . 






















Double extra denseHint, density 4.5 




Very light flint, density 2.87 

Hard carbon, denBity2.485 













* The values here quoted apply whon the di 
flecDod. J. I. Thameon has Dbtftinvd tho value : 
ol a BBOffid; sod this ia oon&rmed by Blmdlot. who obtained 



Lralim of charge [ies batman 0. 



duration of the obarga is about 
ft HimiLar duration 2.S. 
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TABLE XIII IConliiuied) 
Spvcaic Iniidctivb CApAcrnBS of Souds (air - 



Guttapercha 

§1"°:::;::;:::::::::;:::: 
Mict; ;:!!":!; !!:::" !!!:;" 

Paraffin 

Paraffin 

Paraffiii 

ParalfiD, quickly cooled, tranalu- 

Paraffin, alowly cooled, white. . 

Paraffin fiuid, pasty 

Paraffin, Bolid 

Porcelain 

Quarts along the optic axia .... 

Quorti, transverse 

Resin 

Rock aalt 

Rock salt 

Selenium 

Shellac 

Shellac ■. 

Shellac.... 

Spermaceti 

Spermaceti 

Sulphur 

Sulphur 

Sulphur 



3.3-4.9 


Submarine cable data 




Curie. 


6.64 


BemenBiB. 


8.00 


Curie. 


7.98 


Bouty. 


5.66-597 




4.6 


Romich and Nowak. 


2.32 


Boltzmann. 


1-98 


Gibson and Barclay. 




Hopkmaon. 


1.68-1.92 


Schiller.' 


1.85-2.47 


Schiller. 


1,98-2.08 


Arona and Rubens. 




Arons and Rubens. 


4.38 


Curie. 


4.55 


Curie. 


4.49 


Curie. 


2.48-2.57 




18 


Hopkinson. 




Curie. 


10.2 


Romich and Nowak. 


3.10 


Winkelmann. 




Doule. 


2.95-3.73 


Wollner. 


2.18 . 


Rosetti. 


2.25 


Felici. 






2.24 


J. J. Thomflon. 


2.94 


Bloudlot. 
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TABLE XIV 
SPBUivic Inductive Capacitus of Liquidb 



SubstADOB. 



Alcohols: 

Ethyl 

Methyl 

Anitin 

Benzene 

Henane, between 11° and 13° C — 
Octane, between 13.5° and 14 °C. . . 
Decane, between 13.5° and 14.2° C. 
Amylene, between 15° and 16.2° C. 
Octylene, between ll,5°andl3.6''C. 

Decylene, between 16.7° C 

Oila; 

Arachid 

Castor 

Colia 

Lemon 

Neatefoot 

Olive 

Petroleum . . . ■. 

Petroleum ether 

Rape seed 

Seasame 

Spenn 

Turp^tine 

Vaseline 

Ozokerite 

Toluene 

Xylene 



15-15.9 

24-27 
32,65 
22.8 



3,17 
4.6-4.8 
3.07-3.14 

2.2S 

3.07 
3.08-3.16 

2.02-2.19 

1.S2 
2.2-3.0 

3.17 
3.02-3-09 
2.15-2.28 

2.17 

2,13 
2.2-2.4 
2,3-2.6 



Cohen and Arons. 

VariouH. 

Tereschin. 

Tereschin. 

Tereachin. 

Various. 

Landolt and Jahn. 

Landolt and Jahn. 

Landolt and Jahn. 

Landolt and Jahn. 

Landolt and Jahn. 

Landolt and Jahn. 

Hopkinson. 

Various. 
HopkinsoD. 
Tomasiewski. 
Hopkinson. 
Arons and Rubens; Hop- 
kinson. 
Various. 
Hopkinson. 
Various. 
Hopkinson. 
Hot)kinson. 
Various. 
Fuchs. 
Hoi>kiason. 
Various. 
Various. 



DiQitized^yGOOgle 



FORMULAE AND TABLES FOR THE 



CHAPTER IV 
ALTERNATIKG CURRENT CIRCDITS 

In alternating current circuits the distribution of the currents 
and potentials in any arrai^ement of circuits is governed by the 
frequency of the impressed electromotive force, the resistances, 
self and mutual inductances and capEicities of the various branches 
of the circuit. A variation in any of the electrical constants may 
result in a change in the currents, in mt^nitude as well as in 
phase, in all the branches of the circuit. Every alternating 
current problem must therefore be considered separately and 
careful account must be taken of all the electrical constants of 
the circuit. Since there is a wide range of possible arrangements 
of circuits, we shall require a considerable number of formulse to 
cover all the more important cases which may arise in practice. 

It is also to be noted that the permanent value of the current, 
which in the case of alternating currents is a constant periodic 
function of the time, is reached only after an appreciable time 
interval when the circuit is closed. At the moment of closing or 
opening, or on any change in the electrical condition of circuits, 
a transient phenomena occurs which is usually active only for a 
very short interval. The formula for transient phenomena will 
be considered in Chapter V, while in this chapter we shall give 
a collection of formulae for the permanent values of current and 
potential distribution in various arrangements of circuits. 

In this and the succeedii^ chapters the following notation will 
be used; 



Notation. - 



r = resistance. 
L = inductance. 
C = capacity. 
N = frequency. 
(0 = 2 irJV. 
Xm = tuL = inductive reactance. 
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X = x„ — Xe reactance of circuit havii^ inductance and ca- 
pacity. 
Z = r + jx = impedance. 
z = Vr* ■{■ x^ = absolute value of impedance. 

y = ■= = admittance. 

y = Vp* + b* = absolute value of admittance. 
g = conductance. 
6 = susceptance. 

a = -r—. — ; = -; = effective conductance in mhos, energy 

comjwnent of current. 
b = -7—. — : = -^ = effective susceptance in mhos, wattless 

component of current. 
r = , ? ■■ = — , = effective resistance in ohms, energy 

component of e.m.f. 

X = ~ , 1, = — , = effective reactance in ohms, wattless 
g" + fr* 3/' 
component of e.m.f. 

Any altematii^ current wave can be resolved by the aid of 
Fourier's theorem into a series of waves, each one being a sine 
function in its variation with respect to time; hence in the dis- 
cussion of alternating current problems it is nearly always justi- 
fiable to assume that the impressed electromotive force is of 
sine form. If it is a complex wave it can be resolved into its 
several harmonic components, ^id each one treated as a separate 
source of e.m.f. 

If E is a periodic function with respect to time we can put it in 
the following form : 

E=Aiam(pt-<t>i)+Ai8m(20t-<h)+Amn(Z^-if,s)-\ 

+BiCOs03(-^i)+B2COs(2,3i-if,)+B,cos(3(3(-^,)+- ■ ■ (1) 

The alternating electromotive force and current curves which 
occur in practice have only odd harmonics. A complete dis- 



DiQitized^yGOOgle 



128 



FORMULAE AND TABLES FOR THE 



cussioD of the theory of hannonic analysis is beyond the scope of 
this book, and to give only an outline of the subject would not 
be of any practical value. The reader will find a good discussion 
on the general subject of harmonic analysis in Byerly's Fourier's 
Theory and Spherical Harmonics, and its application to the 
analysis of altemstii^ current curves is quite fully discussed in the 
"TheoriederWechselstrome," by J. L. LaCourandO. S. Bragstad. 
In alternating currents we have to distinguish between the 
maximum value, the effective value, which is the square root of the 
mean square, and the mean or averf^e value. In the case of a 

simple harmonic function the effective value is— ;^ where A is the 



V2 
value, and the mean or average for a half period is 



2A 



The arithmetic mean for a whole period is zero. In Table XV 
we give the relation between effective, mean and maximum 
values for various shapes of curves. 

TABLE XV 
Charactekisttc Features of Different Fobus of Alternating 

Current and Pressure Curves 



NamBofmrva. 


lUtiODl 

value. 


..^!rl, 


Rstioof 

to offscIivB 
value. 


-^-y 

3™.' 


Ana of 
aqimred 

vali». 


value. 




0.637 
0.785 
0,666 
0.500 
0.856 
1.000 


0,707 

0.835 
0,730 
0.577 

liooo 


1,414 

1.198 
1.369 
1.732 
1.124 
1.000 


1.112 
1.063 
1,096 
1.155 
1.038 
1.000 


0,500 

0.697 
0,533- 
0,333 
0.791 
1.000 




Parabolic curve 


Approximate rectangle. 





In the case of comply waves consistii^ of several harmonies 

the effective value ia * 



where Ei, Et, E^, etc., are the i 
harmonic components. 



). (2) 

um values of the several 



D J. L. LaOoiir und 0. 8. Bragatod, 
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Form factor. — The ratio of the effective value of a jwriodic 
curve to its mean value is called the form factor, because it varies 
with the form of the curve, the more peaked the curve the greater 
the value of the form factor. For a preesure curve the form 
factor is ^ven by the expression 



JW""" 



f.a-u^ (3) 

For a sine curve t^e form factor is 

V2 ir 2V2 
Curve factor. — The ratio of the effective value to the maxi- 
mum value of the fundamental harmonic is called the curve 
factor. 



-ir-MWHW- 



(4) 

As an illustration consider the case of an e.m.f . curve having three 
upper odd harmonics. The maximum values of the fundamental 
and the harmonics are 

El = 100, Et = 40, fis = 20, E, = 10. 
The effective value is 



E,„ = V{100)» + (40)* + (20)* + (10)» = 110. 
The curve factor is 

_E^_no_. , 

£^1 100 ~ 

Alternating Current Circuits. — When an electromotive force 
of anusoidal form, E cos tui, is impressed on a circuit containing 
inductance and resistance, it generates a current in the circuit. 



I = - , : cos («t — <t>), 

v i„* + r* 



(5) 



tan0=^, 
the current lag^g behind the electromotive force by the ai^e 0. 
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EmmpU. - 


- 




r = 5 ohms. L 


-O.Olhemy, » . 




STm 


-aL- 3.73. 




I. 


500 




V(3.77)' + (5)- 




tan^ 


.?:"_ 0.754, 4 



2irX60, E = 500 volts. 



The maximum value of the current is 80 amperes and it lags 
37° 3' behind the e.ra.f. 

If the circuit contains capacity reactance and resistance, the 
current is 



E 



tanif =— , 



the current leadii^ the electromotive force by the angle if. The 
voltage on the condenser is 



Example. — 

r = 5 ohms, C = 0.002 farads, 



sin (orf + ^). (7) 

2tX60, B = 500 volts. 



500 



, 1.324 



' ■/(!.; 



324)» + {5)» 
^P = 14' 51'. 



= 96.7 amp., 



The current leads the e.m.f. by the angle 14° 51'. The voltage 
across the condenser is 

1.324 X 500 



V (1.324)' + (5)» 



= 128 volts. 



When the circuit contains both capacity reactance and inductive 
reactance we have 



V (x. - a^) " + r^ 



tan 7 = - 



(8) 
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When x„ = x^, equation (8) reduces to 

/=-C08wi. (9) 

The circuit acts as if there is no reactance, and it is said to be in 
resonance with the frequency of the impressed electromotive 
force. The condition for resonance then ia 



1 

~vw' 



(10) 
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Fig. 36. — Reeonaoce curvea for different valuta of resistance in the circuit. 

In any circuit containing inductance and capacity it is always 
possible to adjust those constants so as to produce resonance 
condition for a given frequency. For a given electromotive force, 
the current rises a^ the resonance condition is approached, which 
is more pronounced the smaller the resistance in the circuit. 
In Fig. 36 are plotted a series of resonance curves for different 
resistances. 
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The Toltf^e across the condenser is 

6 = 4l^M^. (11) 

V(x« - a;.)' + r» 

For resonance condition and small resbtance, the voltEtge across 
the condenser may exceed many times the voltage of the generator. 
Example. — 

w = 2irX60 C = 20mf. 

^' = 27><60>WtO^ = ^^25 = a^. r = 20 ohms, ^ = 100 F. 

. _ 1325 ^ 



The voltage across condenser is about 6600 volts, 66 tunes the 
electromotive force of the generator. 

If the electromotive force is a complex wave, that la, of the form 

E = EiC08iut + a,)+EiC(s{Z(d + at)+Ei<xm{5ul + at)-\ 



the current generated in the circuit is 





7 = 


El COB (wi + , 


^-' 


BiCos{3 


;«( + «. 


-•») 




v/(- 


•--,)' 


+ r" 






Escm{5ut + ai-yi] 


!+.. 








v/(3>.- 


•|)'' + " 






= ?*; 


=*. tan-n- 


3-t 


tan7t 


5x.- 


'I... 



(12) 

It may happen that the inductance and capacity of the circuit 
are of such magnitudes aa to bring the circuit into resonance for 

some harmonic of the wave, for mstance we may have 3 1« — ■^ 

= 0, that is, the circuit is in resonance for the third harmonic. In 
that case the current produced by the third harmonic in the elec- 
tromotive force wave may be larger than that produced by the 
fundamental, though the amplitude of the e.m,f . in the fundamental 
may be much lai^er than that of the third harmonic. 
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Example. — 

C ~ 7.77 ml. 
L = 0,1 heniy. 
« = 2irX60. 
El - 100, a - 10, r - 10 ohms. 

I. - H - 304, 3 1. - S » 0. 

^' _ "" _ 0,33 amp, 

V(ii,-i,)'+r' V(304)' + (10)' 

B, 10 



v/F^ 



= 1 amp. 



+ r» 



The current due to the first harmonic of the e.ni.f. curve ie three 
times as lai^ as the current due to the fundamental, thoi^ the 
maximum value of the fundamental in the e.m.f. curve is ten times 
as large as the first harmonic. 

■ If there are several impedances zi, Zt, Zt . . . connected in series 
in the circuit, the resultant is the algebraic sum of the separate 
impedances. Denoting by Zi the total impedance, we have 

ei=ei+Zi + Zt+ ■ ■ ■ = {r, + r, + rt+ • • ■ ) 

+ jixi+xt+x,+ . . .), (13) 

and the absolute value of the current, 

E 
~ V(a;, + x, + a^+ ■ ■ ■ )» + (r. + rj +r, + rTTy»" 

The e.m.f. E„ across any impedance coil, say the nth coil, is 

V(x,+3^+x,+ . . . )s+(r, + r, + r,+ ■ ■ ■ )* 

Parallel Circuits.* — Two circuits in parallel, each having 
resistance and inductance. Denoting the reactances and im- 
pedances of the two branches by xi, x^ and Zj, Z) respectively, the 

• Ales. RufBell, "Theory of Alternating Cuirenta," Vol. I, Ch. VII. 
Andrew Gray, "Absolute Measuremente in Electricity and MagnetiBm," 
Vol. II, Pt. I, Ch. IV. 
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curreDts in the two branched circuits and the main ci 



V( 



COS (fill — 0o), 
>Zl' 3tV W ZjV 



tan di = — f tan dij = — » tan ^n 

ri rj D lD- '■»2»+'"a2» 

or we may write 



h 



_ £ COB (tof - ^o) _£ 



where 

II +Il 

s the equivalent resistance of the 



circuit and 



3:0 = £l + ^^ ^ /ll + ^y+ f^, + ^ V is the equivalent reac^ 

ance of the circuit. If the resistances and reactances of the two 
branched circuits are equal, the above values reduce to 

'■0 = 4'". Xo = J X, 
Example. — 

Xi = 5 ohms, ri = 3 ohms, Xt =Z ohms, rj = 5 ohms. 

3i = z, = 5.83, E = 500 volts. 

E 
Ii = — = 85.8 amp., 

/j = - = 86.8 amp., 

Zl 

Ai=tan-^- = 59''3', 

,Ps = tan-' — = 31°, 
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5 + 3 



CA)» + (Ar 



/, = , ^^ = 166.4 amp., 

A, = tan-*— = tan-^ 1 = 45*. 

The current in the main circuit is less than the sum of the currents 
in the two branches, and this is because the phase angles in the 
two branches are different. 



L, 



-WM^-^WT^ 



<y 



Two Branch Circuits, One having Resistance Only and the 
Other Inductance Only. — One branched circuit has a resistance 
ri and the other an inductance Li of negligible resistance, the 
main circuit mductance and resistance being ra and Lq (see Fig. 37). 
The total impedance of circuit A — B is given by the following 



\ W + ai-Li 



LtT^ 



:. + i- 



rj = 



This is a mudmum when 

o'Li(Z^ + 2 JLo) 
2n 

For the value of rj given by equation (18), the current in the main 
cbcuit is a minimum. Hence shunting an inductance coil with 
a resistance sometimes increases the apparent resistance of the 
circuit, a result which has been noticed in practical work. 
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Immple. 


0.1 henry, 


To = 50 ohms, r. 


= 129 ohms, 


By (17) 


we have 








Z'- 
Z - 


(68.1)'+(61.75)' 
91.9 ohms. 


- 8450.67, 



If the inductance Ls were not shunted by any resistance, the 
impedance of the circuit would be 



Z = 9 



1.5 ohms. 



= (75.4)' + (50)* = 8185.16, 



Shimtii^ the inductance by a resistance increases the impedance 
of the circuit instead of decreasing aa we would ordinarily expect. 
A System of Branched Circuits in Parallel Each having Resis- 
tance and Inductance. — Let zi, zt, Zi . . . denote the impedance 
of the respective branches and zq the total impedance of the cir- 
cuit. The currents in the respective branches and the main circuit 
are as follows: 

E 



I, 


-i^eos 

2l 


(«l- 


♦l). 


I, 


= ^eo. 

z» 


(ul- 


*), 


I. 


= — eos (iD[ - 


*.), 


I, 




M- 


*.), 


zo 


= Vro' 


+1. 




1 

a 









'(^+^ 



&+S 



= equivalent reactance, 
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and 



- = 2j — j— ; ;, tan Ai = — , tan dn =~ ■ • • • 

, »!-n 

1 . V ^* . J. ^0 

T = 2j — r-i ;. tflJi ^0 = — • 

b j-^j n" + xt" ^ ro 

n = the number of branched dreuits in parallel. 

If the resistances and inductances respectively of all the 
branched circuits are equal, 




(r» + x')» r* + !»' 



\/^ 



^cos(wi — ^o), 



that is, the main current is n times the current in any of the 
branches. 



Fig, _38. 

Inductance and Resistance Shunted by Condenser.* — 
Let 7i denote the current in inductance branch, Zs the cur- 
rent in capacity branch and Jo the main current and Ecoaiat the 
impressed electromotive force. The currents in the two branches 

* See "Theory and Calculations of Alternating Current Phenomena," Set 
edition, Ch. VIII, by C. P. Steinmets. 
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and the main circuit are 

EC08(.0|-^) 

It = Exc COS tilt, 



vcv 



^^, 

• vV 



r' +Xm* 



When 



-J- ;] COS (tirf — it), 

r (a^* + r* - x„a^) 
r 



(21) 



(23) 



/. -- 



^COStijf. 



(24) 



»» (.' + '■ 

the circuit is in resonance, that is, the main current b in phase 
with the electromotive force and 

Er 

From (23) it is obvious that for this arrangement the resonance 
condition depends not only on the inductance and capacity, 
but also on the resistance. For every increase in r, ar„ must be 
increased and the capacity decreased to maintain the resonance 
condition. 

By varying Xc we can maintain the current in the main circuit 
in phase with the e.m,f. for any variation in the resistance of the 
receiving circuit. As an illustration we assume a value of x„ = 15, 
and calculate the values of Xc required to maintain the resonance 
condition in the circuit for values of r from 1 to 10 ohms. The 
results are plotted in the curve pven in Fig. 39. 

The e.m.f. En across the resistance r is 
Er 



' V^J+r' 



cos (id — 4)- 



(25) 



It is also to be noted that in such an arrai^ement of circuits, at 
resonance condition, the currents in the branches are lai^er than 
the currents in main circuit. 



= 0.0345, i: = 100 volts, 



x„ = 25, r = 10, 



(26)= + (10)^ 

/i = , ^^ = 3.7 amp., 
V625 + 100 
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/j = 100 X 0.0345 = 3.45 amp., 
^ 100 X 10 , . „ 



The currents in the branch circuits are considerably lai^r than 
the current in the main circuit. 
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Inductive Load Shunted by Condenser. — Assume an elec- 
tromotive force of sine form impressed on the circuit and a react- 
ance Xi, in series with alternator (see Fig. 40). Denote by /i the 
current in resistance branch, It the current in condenser, lo the 
main current, E tlie voltage of alternator and Eo the voltage on 
the receiving circuit. 
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The distribution of the currents and voltage are as follows: 



V ]Xt{Xo + Xi) - XiXqI ' + n* QCc — Xo)* 
^^ _ X,(xo + Ji) - XiXg 

rij xc - Xo) ' 

fiVn' + ii* 
■ — ^j 

V ia^'(xo+ Xi) - xixo j » + ri' (x„ — So)* 
tan V- = -• 



-*.), 



JgV(x,-Xt)' + r 



v)a:„(xo+a;i)-a;iXo!*+ri'{x= — Xo)^ 
tan 7 = — -, 

Xi-Xc 

Ex^Vn^ + xi' 

VjXt(xo+xi)-xiXoS*+r.*(x. - Xo)* 



cos(wi — ^1 + if). 



(26) 



If we make le = Xi = Xo = x the denominators in the above 
equation reduce to x and the equations simplify to 



(27) 




From these equations we can draw the interesting conclusion that 
for a constant value of E the current in the receiving circuit /i 
is constant, and independent of any variation In the load r^. 
In other words this arrangement of circuits acts like a transformer 
converting a constant potential into a constant current. 

Circuits in Parallel. — Two branch circuits in parallel, one 
having inductance and resistance and the other inductance 
capacity and resistance (see Fig. 41). Denote the current in 
branch (1) by /i, that in branch (2) by /» and the current in 
main circuit by /g; then 
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y/x^^ + n^ 

tan^ 

E 


ri' 
03 (U - 


-«, 








- ri r» 

n* + Xi' r,* + xj» 




The circuit is in resonance when 

Xi -'' 



-= = 0. 



and 



Ti* + Xi» 

Putting for brevity g / .^ = A;, equation (29) becomes 
kxi* + fcrj* + Xj = 0, 
l±Vl-4fcVt' 



2A; 



The resonance condition depends on the resistance of the branch 
circuits as welt as their inductances and capacities. If the con- 
stants of the circuits are of such mf^putudes as to make 4 k*rt^ 
greater than unity, the value of Xa as pven by (30) is an imaginary 
quantity, that is to say it is not possible to produce resonance in 
tiie circuit. If 4 iVj* is less than unity, Xj has two distinct 
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values. The system is double periodic; for tiie san 
we may liave resonance at two different frequencies. 
As an illustration, let k = 0.1, ri = 5. 

- 1 ± VI - 0.2 . „. 

" 2xai ^OT-^; 

that is, if the frequ^icies are such as to make Xj = — 5 or — 95, 
the drcuit is in resonance and the current in the main circuit ia 



^)» 



(31) 



The Branch Circuits as Well as the Main Circuit having In- 
ductance, Capacity and Resistance. — The currents in the branch 
circuits are denoted by 7i and 1% respectively, and the current in 
the main circuit by I<,. 




and c = To (n + Ti) + riJ-j — xo (xi + xi) - xiXi, 

d = ri (xa + X3)+rt (xi + Xo) + n (xi + xt). 
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When the inductaDces and capacities are so adjusted that each 
branch is separately in resonance, we get 

Xi= Xi = Xo =0, 
c = To {ri+ rs) + TiTt, d = 0, 
tjf = ^i = ^ = ^t = 0, 

and 

Ert 



7i = 



/i = 



ro(r. +rt) +rirt 

En 

n in + n) + nrs 
E in + n) 



coswt, 



QOS lilt. 



n in + n) + nn 

Mutual Inductance Between the Branched Circuits.* — We 

shall now conader the case of two branched circuits, in which 

~i 



Fio. 43. 

there is also mutual inductance between the two branches. De- 
noting the currents in the branched circuits by 7i and /i respec- 
tively and the current in the main circuit by lo we have the 
following formulae for the currents in the circuits : 



/i- 



EV(Z,-M)'M'-l-r,' 



- cosCoii— ^-t-^)j 



C03(id—il>+\pi). 



V\a\M'-L,L,)+rir.i-+,^KL,r,+L^,y 
EV(L,-M)V + n' 

EV(Li + I.-2M)'»'-Kri+^' .„, . ^ , , . 

= , COSfwt — d-t-^n), 



'uf(.M'- L,Li) + riri' 



• J. J. Thomson, "Recent Researches in 
VI; Lord Rayleigh, PhU. Mag., May, 1886. 



Ti 



tan 1^1 = - 

n + n. 

Electricity and Magnetism," Ch. 
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It is interesting to note that in such an arrangement of circuits, 
the currents in the branched circuits may, under some circum- 
stances, be considerably larger than the current in the m^n cir- 
cuit. Considering only the amplitudes of the currents, we have 

(35) 



;, 


V(I,_M)W + r,' 


/. 


V (L, + L, - 2 M)'»- + (r, + r,)' 


h 


ViL,- M)v + n' 



If we neglect the resistances of the two branches compared with 
the reactances we have 

Ab an extreme case we may take the coefiicient of coupling equal 
to unity, that is, ilf = VLii,, and 

7, _ L,- Vet; ve 



^0 1, + L, - 2 VIS vl; - vX"i 

h _ Li- VS5 Vl, 

'• Li + U-2 VIS ' VTi - VS' 



(38) 



If Li and Lx are not much different from each other the denomi- 
nators in equations (38) are very small and consequently the 

ratios y and -^ ^'^^ large; that is, the currents in the branch cir- 
cuits are considerably larger than the current in the mfuu circuit. 
As an illustration let us take the following constants: 
Li = 0.1 henry, L, = 0.01 henry, M = 0.03 heniy. 

Jo 0.05 " ' h 0.05 ■ • 

The current in branch 2 is 1.4 times the current in the main cir- 
cuit. 
Power Factor.* — If an alternating e.m.f., 

e = B V2 cos (.)(, 

♦ See C. P. SteinmetB "Theory and Calculation of Alternating Current 
Phenomena," 3d edition, Ch. XXVII; also "Theorie der Wecheelfitrome," 
Ton J. L. LaCour und O. 8. Bragstad, Ch. XII. 
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produces in a circuit a current, 

i = / V2 cos (w( ± ^), 
where is the phase angle lading or leading, the power 

p = ei = £Zicoa^ + cos(2wt±^)S. (39) 

The average value of the power is 

P=EIcoa<p = Pr, 
cos« = -^- 

The factor cos ^ is caJIed the power factor. 
Substituting (40) in (39) we get 

In an ordinary alternating current circuit the power fluctuates 
between the values 

p|l + ^| and p|l ^|- (42) 

I cos^j [ cos^J ^ ' 

When the phase an^e is zero, cos * = 1, the fluctuation of the 
power is between 2 P and 0. If the phase angle is 90 degrees, 

p = P (1+ cos 2 wi), 
and the average or effective power P = 0. 

If the pressure curve is not a simple harmonic curve but con- 
tains also harmonics, the average power supplied to the circuit 
is given by expression, 

P = EJiCOStln + E3ltCO&4n + EJf,cosil>i+ • • ■ 

= E/ cos *, (43) 

where E and / are the effective values of the e.m.f . and the current, 
and 



V. 


El' 
+ (». 


-«.)■ 


+ — 

r'4 


E,' 


T- 


put 




VE 


' + E, 


+ ■ • 




/cob' 


-Hi 


■)'- 


'*.+ 


(t)'- 


* + • ■ • 



, (44) 



(45) 
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where t^i, ^, <t>6, etc., are the phase angles corresponding to the 
different hannonics. 

Power Transmission.* — In altematii^ current transmission 
problems account must be taken of the line reactance which is of 
great importance; the efficiency of transmission and the voltage 
regulation depend on the electrical constants of the line. In the 
complete theory of long-distance transmission we must allow for 
the effect of the distribut€d capacity and inductance of the line. 
This is worked out fully in Chapter VI. In this section we 
shall assume that the resistance, inductance and capacity of the 
line are localized; that is, we replace the total inductance and 
capacity of the line by an inductance coil and condenser of equiv- 
alent value. This method gives f^rly accurate results for short 
transmission lines, but for long lines the more complete formulfe 
given in Chapter VI will have to be used. 




As a first approximation we shall neglect the capacity of the line 
entirely, and we shall also assume that the load is non'^nductive. 
Let 

X = reactance of line, 
r — resistance of line, 
To = resistance of receiving circuit, 
Eg = ejB.f. at generator, 
E, = e.m.f. at receivii^ circuit, 
/ = currait. 
The current in the circuit is given by the following formula: 

E, Br 



I - 



Vx'+ir + r<,y 



(46) 



* See C. P. StonmetE, "Theory and Calculation of Alternating Current 
Phenomena," Chapter IX; also "Theorie der WechBelstrome," von J. L. 
LaCour«id O. S. Bra^etad, Ch. IV. 
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The ratio of e.m.f.'s at receivii^ circuit and generator is 



(47) 



E, Vx' +ir + ro)» 

The power ddivered in the non-inductive receiving circuit is 

P = ErI= ..y* ., • (48) 

ii E, X and r are fixed, the power supplied varies with ro and it 
(1 value when 



n = Va;= + r' = 8. (49) 

Substituting the value of ro from (49) into (48) we get 

For majdmum power supply at the receiving circuit tlie ratio of 
e.m.f. at receiver and generator is given by 
_E, 1_ 



(50) 



(51) 



The total power supplied by generator 

P,=EJcmit>=^- (52) 

The efficiency for maximum power supplied to receiving circuit 

is 

For comparison we will give here a set f ormulse for a non-induc- 
tive line corr^iponding to equations (46) to (53), which are as 
follows: 

I^^.il, (54) 



r + ro n 

E, r, 

E, r + ro' 



(55) 



Power supplied to receiving circuit is 



E<r 



^-•'J-fyf^. (») 
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and it is a manmum wheal r = To- 



Total power supplied ia 



Pi-' 



_E. 



(58) 



r + r, 2r 

The efficiency for maximum power Bupply 1x) receiving circuit is 
Pm. 1 

'-"pT'a' 
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Frn. 45. 



1 E 9ioiiisui4uuuiaieM 
r 
- Power trausmiaaion characteristic curves. 



As an illustration we give here a aet of curves showing the 
variation with the load of /, E„ t) and P^ for an inductive Ihie of 
the following constants: 

.E = 1000 volts, r = 4ohin8, x = 8. 

Inductive Load. — Let X\, r\ represent the reactMice and resist- 
ance of transmission line, x^, n the reactance and resistance of 
receivii^ circuit, E^ = e.in.f. of generator, E, = e.m.f. at receivii^ 
circuit. 

g, _ % 



Vd, + ai)» + (n + r,)* v'a^* + r,' 



(59) 



Digitized .yGOOgle 



CALCULATION OF ALTERNATING CURRENT PROBLEMS 149 
The phase angle ^i between Eg and / ia given by 

. . Xi + Xt 

taattn = ; — 

and the phase ai^e <Pi between E, and I is ^ven by 

We may put equation (59) in the following form : 



and 


I 




, / «i' + !»■ 

V (1 + r^ + lA)' + (luT. - rM' 

1 


circuit 
circuit 


(60) 
(61) 


where 
ffs 


V (1 + >■» + iiW + (i«. - nb,)' 
J = effective eonductanee of receiving 
^ = effective susceptance of receiving 



The power supplied to receiving circuit, 

P = E,% = EJW'. (62) 

and it has its maximum, vaiue when 

ft = Vpi' + (f.. + 6.)*; (63) 

and for this value of (h we have 

1 



"■' V2ffi,(ffazi»+ri) 
The maximum power that can be supplied to the receiving 



(64) 



cuit is 

E,' 



(66) 



2(«!Si'+'-i) 

For constant susceptance ht tlie efGciency iias its maximum value 
when g^ — hi and 

1 



'l+2r,6. 



(66) 



If we do not neglect the capacity of the line, the problem be- 
comes somewhat more complex, but it may be simplified very 
materially by the following considerations : 
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la ei^pneenng practice, power transmission problems frequently 
present themselves in the following way. Given the values of 
the voltage and current and their phase relation at the receiving 
circuit, what will be the corresponding values of voltage and 
current at the generator end, the power transmitted, efficiency, 
etc.? And vice versa, if the e.m.f. and ciurent are given at the 
generator end what will be the corresponding values at the re- 
ceiving end? In other words given the constants of the line 
and electrical conditions at one end of the line to determine all 
the other factors of the problem. 

As stated before, the exact solution of the problem necessitates 
taking into account the effect of the distributed inductance and 
capacity of the line which are worited out in Chapter VI, For 
short lines, however, we can get fairly accurate results by assumii^ 
localized inductance and capacity. 

Different formulse may be obtained depending on the assumj>- 
tions made regarding the capacity distribution, and we may have 
the following cases: 

(1) Capacity of Ime neglected entirely, 

(2) Entire capacity of line shunted across the middle of the 
line, 

(3) Half of line capacity shunted across at each end of the line. 

(4) Four-sixths of line capacity shunted across the middle of 
the line and one-sixth of line capacity at each end of the line. 

We shall give here formulae corresponding to the first three 
cases, and work out some examples to compare the closeness of 
approximation of the above three cases.* The fourth case was 
not considered for the reason that the formulae are somewhat 
complex and the results obtained by this method are not more 
accurate than those obtained by the method considered in case 
(3). It is not considered advisable to multiply the number of 
formulae unnecessarily. 

* Ch. P. StemmeU, "Theory and Calculation ot Alternating Current 
Phenomena," 3d edition, Chap. XIII. 

F. A. C Perrine and F, G, Baum, The Use of Aluminiiim Line Wire and 
Some Constante tor Tranamiasion Lines, Trans. Am. Ir.s. E. E., May, 1900. 

P. H. Thomas, Output and Regulation in Long Distance Lines, Traris. Am, 
Ina. E. E., June, 1909. 

P. H. Thomaa, Calculation of High Tenaion Lines, Trans. Am. Insl. E. E,, 
June, 1909. 
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We shall use the foUowii^ notation: 

Ef = Eg' d:jEg" = e.m.i. at generator, 
If = Ig ± j/tf" = current at generator end, 
Er = E,' ± jEt" = e.ni.f . at receiving end of line, 
h = It ± jlr" = current at receiving end of Ime. 

The double sign in the above notation is to indicate whether 
the phase ai^e is leadii^ or la^ji^; the plus sign meanii^ phase 
angle leadii^, and the minus sign phase ai^e lagging. Suppose 
the voltage and current are given at the receiving end of the line 
and the phase angle of the current with respect to the voltage 
is leading, then, 

E, = EJ, 1 

If on substituting these values m the formulie we obtun for the 
e.m.f . and current at generator end, 

K = E/ - 3^0" > 

/» = /»+ J v. 

it would mean that the e.m.f. at generator end lags behind the 

E " 
e.ni.f. at receiving end by an ai^e tan~~^-=->, while the current 



at generator leads the e.m.f. at receivii^ end by an angle tan~' 



Case I. Line capacity neglected enhrely. 

Suppose that the admittance of receiving circuit g ±^ and E, 
are ^veu, we have 

Eg and /, have the following values: 

Eg = \Er ± Lo>Ir" + rlr'l + jJZ*>J/ ± rj/'f ] ^^^^ 

Where a double s^ appears in the above equation, the upper sign 
is to be used when the current at the receiver end is leading and 
the lower sign when the receiving current is If^ing. 

If the voltage and current are given at the generator end, that 
is Eg and Ig' ± jig" given, we have 

Er=lEg±LcIg"-rI,'] -j\LuI,'d:rIg"\.\ ^^^^ 
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The double sign in the terms of equation (69) has the same sig- 
nlEcance as in (68). 

Example. — Power to be transmitted over a three-phase line 50 
miles loi^ using hard-drawn stranded copper wire No. 000, tri- 
ai^ularly spaced 10 feet spacing between wires. Frequency 60 
cycles. At the receivii^ end we have the following conditions: 
Line voltage 30 kv. between wire and neutral, load current at re- 
ceiving end 150 amperes at 90 per cent power factor, lagging cur- 
rent. Phase ai^e lagging 25" 50'. 

Calculating the inductance and capacity of the line by formulce 
given in Chapters II and III we find, 

r = 0.33 ohm per mile, 
L = 2.13 mh. per mile, 
C = 0.014 mi. per mile. 
The total resistance, inductance and capacity of the line are 
16.5 ohms, 0,1065 henry and 0.7 mf, respectively. 
The electrical conditions at the receiving end are 
E, = 30 kv., 

/, = /,' - jlr" = 135 - i 65.4 amp. 
In formula (68) we neglect the capacity of the line ^tirely, hence 
introducing the values of r, L and w we get 
Ig=I, = 135 - J65.4 amp., 
E„ = [30 + 2,63 + 2.23| + j J6.42 - LOSj 
= 34.86 +j" 4.34. 
The absolute value of e.m.f. at generator is 

E„ = V£!,'* + E/'^ = 35.1 kv. 
The voltf^ at generator leads the voltage at receiver by an 
ai^e 

^ , 4,34 ,0 ^, 
^ MM = ^ ^' 
hence the current at generator end lags behind the generator e.m.f. 
by the angle 25° SV + 7* 5' - 32° 55'. 
The power factor at the generator end is 
cos (32° 56') - 0.84. 
The efficiency of transmission 

30 X 150 X 0.9 „, . , 

" ° 35.1 X 150 X 0.84 -"■"P'"""- 



DiBiiu.d, Google 



CALCULATION OF ALTERNATING CURRENT PROBLEMS 153 

Example. — The same conditions as in above example except that 
the line is 150 miles long. 
We have as in the previous example, 

I„=I^ = 135 -3 (65.4) amp., 
£„ = 44.58 +j 13.02 kv. 
The absolute value of e.m.f. at generator is 



B, = V (44.58)' + (13.02)* = 46.4 kv. 

The generator e.m.f, leads the voltage at the receivii^ end by 
the angle 

., 13.02 



tan- 



44.68 



= 16" 16'. 



The current at generator end l^s behind Eg by the dngle 25° 50' 
+ 16" 16' = 42" 6'. 

The power factor at generator end — coa (42" 6') = 0.742. 

The efficiency of transmission is 
30 X 150 X 0.9 



1) = 



78.4 per cent. 




Case II. Capacity of ike Ktie shunted across the middle of the 
line. 

If the admittance of receiving circuit g ±jb and the volt^e 
Ef are given, we have I, = £, (ff ± j6) = I,' ±jl,". 

The volt^e and current at the generator end are given by 
the formulae 

7,= {iC//TiCwrJ/'! +j)iC«r//±X/,"+B,C«| =//±iV', (70) 
S, = £, + i i r {!,' + //) - I Lo, (//' ± 7,") t 

» +Jiir(7/'±7/')+|L«(7/ + 7,')! = S/±jE/', (71) 
where if = 1 - i CLu\ 
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The double ngns in the tenns of equatuAs (70) and (71) have 
the same ngnificance as in equations (6S) and (69). The upper 
«gn is to be used when I," is porative, that is, the receiTing cuirrait 
leading voltage at recaving end, and the lower edgn is to be used 
when Jr" is n^ative. 

If the voltage and current ue given at the generator end, that 
is, Ef and Jg = I, ^jit" are given, the curr^it and voltage at 
the receiving end are given by the fonnulx: 

/, = 1 KW =F J fCu,I,"\ + J i ± KI," + I C«r// - B,C«( 

-V=bj//', (72) 

Er= E, -Jir (7/ + /,')- iI«(/,"± VOf 

- iWrilr" ±1,")+\Iu>(J,'+J/)\=E; :i=3E,", (73) 
where as before • K = \ — \ CLu*. 

As an illustration and for comparison we shall work out es- 
amples ^ven above by formulae (70) and (71). 

r - 16.5 ohms, L = 0.1065 henry, C = 0.7 mf. 

X-, 0.995, C«-264xlO-«. 

B, - 30 kv., Ir -= 135 - 3 65.4 amp. 

The phase angle at the receiving end is 25° 51' lagging. 

7,-1134.3 + 0.14t+j|0.29-65.07+7.92! = 134.44-j56.86amp.; 

absolute value of 7, - V (134.44)' + (56.80)' = 146 amp. 

E, =(30 + 2.22 +2.45) + j (-1.01 + 5.41) =34.67 +i4.4kv; 
absolute value, 



El, = V(34.67)'+(4.4)* = 34.95 kv. 

., 56.86 ^ 
134.4 

= 7" 15', leading. 

7g lags behind E, by the angle 23" 16' + 7° 16' = 30° 31'. 
Power factor at generating end = cos (30° 31') = 0.862. 
Efficiency of transmission, 

150 X 30 X 0.9 



146 X 34.95 X 0.8 



= 92.1 per cent. 
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Example. — The same conditions as in the example above except 
that the lei^th of the line is 150 miles long. 

Er - 30 kv., 7, = 135 - 3 65.4 amp., K = 0.952. 
I, ={128.52+1.26) + j(2.61-62.26+23.76) = 129.8 - j35.9amp. 
Absolute value of current at receivii^ end, 

I, = V(129.8)« + (35.9)* = 135 amp. 
B, =(30 + 6.55 + 6.1) +3 (- 2.51 + 15.95) = 42.65 + j 13.44 kv. 
Absolute value of voltage, 

E, = V{42.65)' + (13.44)« = 44.7 kv. 

The phase angle between Ig and E, is tan~^ '„ = 15° 30' Is^ii^. 

The phase angle between Eg and E, is 

tan-'im = 17-30', leading. 

Ig lags behind E^ by the angle 15° 30' + 17° 30' = 33°. 
Power factor at generatii^ end, cos (33°) = 0.84. 
Efficiency of transmission 

150 X 30 X 0.9 



135 X 44.7 X 084 



= 0.80 = 80 per cent. 




Case III. Ha^ of line capacity shunted across at each end of the 
line. 

As in previous cases / and II we shall assume that Er and 7r 
are given in magnitude as well as phase relation, that is, 

Ir = L'+j(±Ir")- (74) 
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The values of the voltage and current at the generator end are 
given by the fonnulte 

E,-^E^ + rI,'-Li,I,"i +j|iC»rB, +rI," + LuI,'i 

-E,'+i(,±E,") (75) 

I,= iI,'-iE,"C^l+j\iE,Ca+iE,'C^+I,"i-I,'±jI,". (76) 

The values of /," and Eg" are to be taken positive or negative 
depending on the sign of these quantities in the parentheses in (74) 
and (76). 
If Eg and If are given in magnitude as well as in phase relation, 
I,-I,'+i(.±I/'}- (77) 

We have the following expressions for E, and It'- 
E,- iE,K-rI,'+Lo,I,"l +iHE,Ca'- hal,' -tI,"1 

-E,'+j(±E,"),' (78) 

rr-lv+}E,"c»n-j(/,"-}E,e«-5B,'c»i -i,'+ji±i,"), (79) 

where 

K-l-i LC<,'. 

In the following two examples we shall use the same data as in 
examples considered under Case II. 
Example. — Fifty-mile transmission Ime. 

r = 16.5 ohms., 
1 = 0.1005, 
C - 0.7 mf., 
K = 0.995, 
E, = 30 Itv., /, = 135 - J 65.4 amp. 
E, - (29.85 + 2.23 + 2.63i +j 10.065 - 1.08 + 5.421 
- 34.7 -l-j 4.4 Iiv. 
Absolute value of voltage is 

E. - V(34.7)" + (4.4)' = 35 liv. 
7,-! 136-0.581 +J S3.96+4.58-65.4J -134.4-^66.86 amp. 
Absolute value of current is I^ = V(134.4)> + (56.86)» = 145.9 
amp. 

, 4.4 
34.7 ' 

I, leads E, by the angle tan-' ^^^^ - 22"' 57', 

/, lags behnld E, by the angle, 22° 57' + 7° 14' = 30° 11'. 
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Power factor at generatii^ end, 

cos (30" 11') = 0.864. 

Efficiency of transmission, 

150 X 30 X 0.9 „, o . 

'^ = 145.9 X 35 X 0.864 "^^-^P^^*^^- 

Example. — One hundred fifty-mile three-ph8£e transmi^on line. 

R = 49.5 ohms, 

L - 0.3196, 

C - 0.21 mt., 

K - 0.952. 
£, - .30 kv., /, - 135 - J 65.4 amp. 
B, ■= 128.5 + 6.7 + 7.9| +] |0.6 - 3.25 + 16.25| 
= 43.1 -l-j 13.6 kv. 

The absolute value of the generator voltage. 



E, = V(43.1)>+(13.6)' - 45.2 kv. 
I, - il35 - 6.4! +j 111.9 + 17.05 - 65.4J - 129.6 - j3 

Absolute value of current, 



7, - V(129.6)' + C36.6)' - 134.7 amp. 
Eg leads Er by the angle tan-'p^ = 17° 30', 

Iff lags behind Er by the angle tan '' ^^ „ = 16° 45', 
7, lags behind E, by the angle 17° 3^ + 16° 45' - 33° 15'. 

The power factor at generator end, 

cos (33° 15') - 0.836. 

The efficiency of transmission, 

150X30X0.9 .vo5,„,,-t 
' 134.7 X 45.2 X 0.836 " ™-^ '^' °™'- 
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THAHSFORMHRS 

Any two electrical circuits which are magnetically interlinked 
80 that when a current flows in one circuit it will induce an e.m.f. 
in the other circuit constitutes a transformer. For all commer- 
cial work the iron-core transformer is used. In high-frequency 
work, as in the case of wireless tel^raphy for instance, air-core 
transformers are used exclusively. 

We shall first ^ve the equation governing the action of an air- 
core transformer, and then give a brief discussion of the theory 
of the iron-core transformer. 

Air-core Transformer.* — Denote by Li, Ri and L^, Ei the 
total inductance and resistance of the primary and secondary cir- 
cuit respectively and by M the mutual inductance between the 
two circuits. We shall also assume an e.m,f . of sine wave applied 
to the primary circuit. 

The equations expressing the reactions in the transformer 
circuits are 



. dli 



+ RJi + M 



dh 



^£e^. 



from which we obtain the values of the currents i: 
cults as follows: 




4 



«.+^r+i 



• AIkc. Ruasell, '"nieory of Alt«mating Currents," VoL 1, Ch^. X. 
Clerk Maxwell, "A Dynamical Theory of the Electromagnetics Field," P^. 
Trana., 1865, p. 476. 
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It — '" '"'^ \ 

JifVft ' 



E Mu sin iQ>t — il> — 

+ 1 Liw - 



■^^f^W] 



(82) 






taii7=-D-' Zi* = is V + Jij'. 
The value of the current in the primary circuit is the same as 
that in a simple circuit whose resistance is fit + — — j — and in- 
ductance is Li ;; — , that is, the secondary circuit influences 

the primary circuit in the same way as if its resistance were 
increased and the inductance decreased. In other words the 



inductance is Li ;; — instead of Li. If we neglect the re- 

sistance of the secondary circuit, the effective inductance of the 
primary circuit is 

The quantity <7 is called the leakage factor. 

Resonance Transformer.* — If we introduce capacities in 
the primary and secondary circuits, the expressions for the cur- 
rents have exactly the same form as that given by equations 
(81) and (82) except that Li<a and Ltu are replaced by the terms 

Z/iw — j^r- and Zaw — ^ — where Ci and d are the capacities in 

primary and secondary cu-cuits respectively. Now suppose the 
primary and secondary circuits are separately tuned so as to be in 

* G. W. Pierce, "Theory of Electrical Oscillations in Coupled Circuits," 
Ptoc Am. Acad., Vol. 46, pp. 293-322, Jan., 1911. 

J. S. Stone, " The Maximum Ciurent in the Secondary ot a TraaHformer," 
Pkys. Rev., Vol. 32, pp. 398-406, April, 1911. 

G. Benischke, "Der Rcoonanztranstormotor," E. T. Z., 1907, p. 25. 

J. Betbenod, "Uber den Resonanztransformotor," Jahrhuch der DrahSosen 
TdegraphU, Vol. I, pp. 634-670. 
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resonance for the frequency of the impressed e.m.f. Then 



"'"- Co,-" 
and equations (81) and (: 



"" Cm 
) reduce to 
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Fio. 49. — Current variation in the secondary of & reeonance transformer for 
different d^jrees of <»upling. 

The current in the secondary circuit is a maximum when 3f 'w* 
= RJtt aad 

If we have only a condenser in the secondary as shown in 
F^. 50, we have the following expressions for the currents in the 
primary and secondary circuits and the voltage on the condenser. 



E\/i 



R,'+{L^- 



cos (tiii — ^ + it) 



4' 






Ca'l 



(Af-LiW »' + -' + « A 



D,Biiii.d,Gpo'^le 



Vi(^ 
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The voltage on condenser is pven by 

M 
— Eyr cos (tili — 4/) 



^/[o 



The condition for maximum cuirenta in the circuite, that is, the 
resonance condition, is 



or 1 - ^ (LiLj - M») a>^ = 0. 

If the constants of the circuits are fixed so as to satisfy equation 
(90), and if we neglect Bifla which is generally small, we have the 
following expressions for the currents and voltage in the circuits: 



''--r ^^ ^sm (»(+«, 



. L,fl, + Wi,-^, 
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The form of transfonner discussed above is used extensively in 
the production of high-potential high-frequency currents. The 
arrangement of circuits used is indicated in Fig. 51. 




Fia. 51. 



£^ is an alternator, M, a high potential transformer. 

When the condenser C is charged to its maximum, a spark occurs 
at the gap g which short-circuits the condenser and an oscillatory 
discharge takes place in the circuit gCLa. The period of the 
oscillations depends upon the constants of the circuit. 

The equations given above refer only to the permanent condi- 
tions, but when the condenser charges and discharges at very 
frequent intervals, the perma- 
nent conditions may not be 
even reached and the transient 
phenomena becomes of great 
importance. We shall give the 
formulae for the transient terms 
in the next chapter. 

Another form of transformer 
which finds considerable appli- 
cation in a high-frequency work 

is one in which there is only a condenser in the primary circuit as 
rfiown in Fig. 52. This arrangement corresponds to a receiving 
circuit in radiotelegraphy having an untuned secondary. 




Fia. 52. 
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If we aesume that the incoming signals acting on the antenna 
are undamped, then we have the following expressions for the 
ampUtudes of the currents in the primary and secondary circuits. 

E VLtW + ii,' 

V ImV +«,«,- lJl,^- ^)r+ jii/Lm-i)+lwBi 

(£ 
EM<a 

V/{MV+BA-Z*,(t,»-^)}"+{a(l,.-i)+i«R[ 

(95) 

If we adjust the inductance and capacity of the primary cu-cuit 
so as to be in resonance for the frequency of the e.in.f. impressed 

on tiie circuit, that is, if we make Liw — t^— = 0, equations (94) 
and (95) reduce to 

I gV-LiW + Ji,' 

^ EM^ 

The coupling or the mutual inductance which gives the maxunum 
current in the secondary circuit is determined by the equation 

MV = Ri Vfij* + Ls'w' = RiZi. (97) 

For the value of Mw, given by equation (97), we have for the 
currents in the primary and secondary circuits 

/,.__Ji_ I- ™' ,98, 

KiV2(Z,' + aZ,)' R, V2 (Z,' + ftZ,) 

Ab an illustration we may use the following constants: 
fii = 15 ohms, J2j = 200 ohms, Li = 1 mh., Li = 2 mh., 
C - 0.001 mf., « - 10'. 

By formula (97) the value of M which mattes h a maximum is 
M - 0.1736 mh. 
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Introducing these constants in equations ( 
lowii^ results: 



I we get the fol- 



M. 


/i- 


/.. 


mb. 

0.1 

0.15 

0.1736 

0.2S 

O.BO 

1.00 


6.1 X10-»£ 
6.1 XIO^E 
4.48X10-'E 
2.80X10-'E 
0.78 X 10-' B 
0.20X10-'B 


8.2 X10-»B 
S.SiXlO-'B 
3.8flXlO-'B 
3.47xl0-'£ 
l.MxlO-'JB 
1.00xlO-t£ 



The Iron-core Transformer.* — In the iron-core transformer 
we are chiefly concerned with efficiency ratio, regulation and 
exciting current. It is preferable to consdder the transformer 
from the point of view of the leakage inductance, bb this method 
leads to sunpler formuUe than does the treatment from the 
mutual inductance point of view, and at the same time brings out 
more clearly the relations between the various factors in the 
transformer. 

The generaJ design formula is 

E = TV^7i*iV X 10-«, (99) 

where E is the effective voltage induced in a windii^, n the fre- 
quency, # the maximum total flux linkii^ with the windii^ and 
N the number of turns. 

Example. — In a 60-cycle transfonner whose core is 10 cm. 
square and which is worked at 10,000 lines per centimeter, the 
volts per turn are 

E = 7rV2 X 60 X 10* X 10,000 X lO"* = 2.7. 
Let Ri, Ri = primary and secondary resistance of windings, 

Xi, Xt = primary and secondary lealu^;e reactances of windii^, 
Zi, Zt = primary and secondary internal impedances, 
lo = excitii^ current, 
I = load current measured on primary side, 

* William Cramp and C. F. Smith, "Vector and Veotor Diagrams Applied 
to the Alternating Current Circuit," Cb. V. 

C. P. Steinmets, '"Hieory and Calculation o( Alternating Cuirent Phe- 
nomena," 3d edition, C. XIV and XV. 

V. Kar^jetoff, "The Electric Circuit." 
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El, Et = primary and secondary e.m.f.'s, 
EtD = secondary e.m.f. at no load, 
B s phase angle of connected load, being positiye when 
the secondary voltt^ leads the secondary cur- 
rent, COB 8 hs\n^ the power factor of the load, 
7 = angle by which Ei leads the exciting current, 
a = ai^e between Ei and Ei reversed, 
K = ratio of turns, primary to secondary. 
Mathematically it is convenient to refer the impedances to the 
primary. This may be done since an impedance Z% in the second- 
ary is equivalent to an impedance K^Zi in the primary. Hence 
we may write 

ii = fi, + K*Ri, 1 

X~Xi + K*Xt,\ (100) 

Z = Z^ + K^Z*. I 

In computing the efficiency of ordinary power transformers it 

is usual to neglect the copper loss due to the exciting current 

and, unless the contrary is distinctly stated, the efficiency refers 

to unity power factor load. Hence the formula is simply, 

. „ . output KEd ,,.,. 

per cent efficiency = . ^. = „„ r . up i i (101) 

•^ ■' mput KEii + DR + core loss ' 

The core loss is practically equivalent to the power consumption 
on open secondary. 

In an ideally perfect transformer E\ would be equal to KEi, 
but in the actual transformer these differ by the impedance 
drops in the windii^ due to the load current and to the ex- 
citing current, or 

El - KEt = (io + /) Zi + K^iZi = ioZi + iZ, (102) 
where the dotted capitals indicate that the quantities are vector 
quantities. This is the general equation for every form of trans- 
former. 

The leakage reactance of the windings is ordmarily determined 
1^ the "short-circuit" test, in which one winding is short-circuited 
and rated current passed throu^ the windings by applying a 
voltt^e to the other winding. From the value of this voltage, the 
power required and the current, the resistance B and the reactance 
X, equivalent to a sunple unpedance, may be readily computed. 

In the derivation of the formulse for r^ulation, ratio and 
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phase angle, slight approximations are necessary to put the 
formulae in usable fonn, but in all practical cases the fonuulie 
are more accurate than the measurements of the quantities in- 
volved can be made experimentally.* The ratio of terminal volt- 
ages at any load is 



for non-inductive load, 

E,_^,IB, PX^ , Jo (fit COST + 3:, sin t) ,,fti^ 
Ei~^^W^'^2m?'^ El ' ^^"*^ 

and for no load, 

|^^^ 7.(ii.co.,^+X..im,) . (j^j 

The r^ulation at any power factor expressed in per cent is 
/E,„ — SjX 
per cent regulation = 100( — ^p — ) 

.^f /flcosg-H/Xsipg , (Jflsing-7XcoBfl)M , .,_, 
= 100|^ + 2KW I' (106) 

for non-inductive load, 

r 7"?? 7"*y 1 

per cent regulation = 100 \ ^- + 2x»F* f ' ^^^^ 
The phase ai^le of the transformer is given by 
sina =-g iXcose- JJ sin ej + ^jXi COST- fiisin-yl; (108) 
and for the non-inductive load, 

sin « = ~ -t- -^^ (Z, cos T - fii sin t), (109) 

and for no load, 

smao =^CXcoBT-fii8hiT). (110) 

* A deriTatioQ of theee formulEe showing the magnitude of the approxima- 
tion involved will appear in Vol. 10 of the BvUetin of the Bureau of Standards, 
by P. G. Agnew and F. B. Silsbee. 
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The reversed secondary volt^e leads the primary voltage for in- 
ductive loads and ordinarily at no load, but lags behind it for 
non-inductive loads. 

Example. — Consider a 2 kva., VW-volt, 60-cycle transformer. 
Let Ri = 6, iii = 0.065, X = 15, /o = 0.12, 008 7=0.4, 
K = 10, 7=2, R=Ri + K^Bt = 12.5. 

If we assume the reactance drop to be divided equally between 
primary and secondary, Xi = 7.5. 

The computations are correct to 0.01 per cent, although the 
measurements are not. 

Then by (105) the no-load ratio is 

The regulation at 0.6 power factor, lagging current, is by (106) 

.,^f 25X0.6+30X0.8 , (25X0.8-30 X0.6)' 1 „„ 

•""t 1000 + 2X100X10,000 |-3-8l»"ent. 

For leading current the terms in (106) which contain sin 9 be- 
come negative so that at the same power factor leadi:^ current 
the r^ulation is 

100 (- 0.0090 + 0.0007) = - 0.83 per cent. 

The minus sign shows that under this condition the secondary 
voltage is increased by the leading load current. 
At non-inductive load the regulation is by (107) 



nOOO 2,000,000 i -'"' 1-' >-""■ 
The phase ai^e at 0.6 power factor, la^ng current is by (108) 
30X0.6-25X0.8 , 0.12(7.5X0.4-6X0.92) ^^„„ 
^"= lOOO + Two =-0.0023, 

the minus sign meaning^ according to the convention adopted, 
that the reversed secondary voltage leads the primary voltage. 
From formulEB (109) and (110) we have for non-inductive load, 
. _ 3a , 0.12 (7.5 X 0.4 - 6 X 0.92) _ „ ^ 



1000^ 1000 



= 1' 42', 
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the reversed secondary voltage la^png; and for no load 
.;„ 0.12 (7.5 X 0.4 - 6 X 0.92 _ 

'"'" = 1000 - = -0.0003, a = l, 

the reversed secondary volt^e leading. 

The Current Transformer.* — ^ While the foregoing relations 
hold also for the current transformer, the conditions of use and 
the relatioDB desired are so different that a different method of 
treatment is far more convenient. The resistance and reactance 
connected to the secondary are kept as low as possible, and the 
iron is worked at low flux densities, the density being practically 
proportional to the current. The ratio and phase angle of the 
current transformer are independent of the resistance and react- 
ance of the primary. 
Let 7i,7j = primary and secondary currents, 

K = ratio of turns, secondary to prinaary, 
M = wattless component of exciting current, 
F = core loss component of exciting current, 
_ _, total secondary reactance 
total secondary resistance' 
S = angle between /i and 7j. 
The ratio of transformation is 

^=g+ ^''"* +'•'"»* (111) 

and the phase angle is given by 

M cos A — Fain 6 „ , „, 

tan 9= ~j -■ (112) 



If the load connected to the secondary circuit is non-inductive 
and if, as is usually the case in high-grade transformers, the 
leakage reactance of the secondary windii^ may be i 
equations (111) and (112) become 

7i F 



(113) 



M 
tane = |^- (114) 

Equations (111) to (114) neglect second-order terms, but are suffi- 
ciently accurate for all practical work. 

• P.O. Agnew, Ball. Bureau of Standards, 7, 431, 1911. Reprint No. 1S4. 
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Example. — A 1000 to 5 ampere current transformer has 198 
secondary tumB and one primary turn and, when the total re- 
sistance and the total reactance of the secondary circuit are 0.4 
and 0.5 ohm respectively, the core loss is 0.02 watt, and the ex- 
citing current is 8 amperes for a secondary current of 2.5 amperes. 
Then X = 198, 

. , 0.5 



VO.ie + 0.25 



= 0.78, co6<^ = 0.6; 



Thevoltageinduced in the primary is yJ, 2.5 VO. 16+0.25 = 0.0081 . 
Hence F, the power component of the exciting current, is 

0.02 ^ 0.0081 = 2.47 amp. 

aad M, the wattless component, is VS* — (2,47)* = 7.6 amp. Sub- 
stituting these values of F, M and <^ in equations (111) and (112), 
we have for the ratio and phase angle, 

Zi 

/, " """ ~^ 2.5 

and 

the reversed secondary current leadii^ the primary current. 
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TRANSIENT PHENOMENA 

Ir the electrical conditions of a circuit are disturbed in any way, 
as for instance by a change in the electrical constants of the cir- 
cuit, or a chaise in the electromotive force actit^ on the circuit, a 
readjustment of the current and potential in the circuit will 
necessarily follow. The permanent state, however, is not reached 
instantaneously; it requires an appreciable time interval before 
electrical equilibrium is ^ain established. The electric phe- 
nomena which occur in the time interval before the permanent 
state is reached again have been properly des^nated Transient 
Electric Phenomena. These phenomena are of frequent occur- 
rence and of considerable import^ice in electrical engineering, 
particularly whenever high frequencies or high potentials are 
employed. 

It is not within the scope of this book to enter into any discus- 
sion of the physical interpretation of these phenomena but, as in 
the previous chapters, we shall state only the problem, that is, the 
electrical conditions governing the production of these phenomena, 
and ^ve the mathematical formulae expressii^ the distribution 
of the current and potential in the circuit. Wherever desirable 
we shall illustrate the formulae by numerical examples and curves. 

In this chapter we shall limit ourselves to a consideration of 
circuits of localized inductance and capacity. The transieat 
phenomena which occur in a circuit of distributed inductance and 
capacity will be discussed in Chapter VI. 

nfDnCTANCB AITD RESISTANCE IN DIRECT CURRENT CIRCUITS* 
If we close suddenly a direct current circuit containing resist- 
ance and inductance the current does not assume its permanent 
value instantaneously. It requires a certain interval of time to 

* Ch. P. Steinmetz, "Theory and Calculation of Transient Electric Phe- 
nomena and Oscillations," Cb. III. 

J. L. LaCour and O. S. Brogatad, "Theorie der WechBelatr5me," Ch. 
XXIV. 
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build up the magnetic field in the inductance coil, and during that 
interval there is a back e.m.f. produced by the inductance which 
prevents the current from rising immediately to its permanent 
value. The value of the current at any instant of time after 
closing the circuit is given by 

/ =7.(1 -."!'), (1) 

E 
where !• = p is the value of the current in the steady state, 

and the time is counted from the instant of closing the circuit. 

At ( = 0, 7 = 0, 

t = <x>, I = I„ permanent value 

is can 

vaiue a = -T- is called the damping factor of the circuit. The 

time required for the current to rise to n per cent of its steady 
value is 

100 

The smaller the inductance and the larger the resistance the 
quicker will the current attain its permanent value. In a per- 
fectly non-inductive circuit the current would assume its perma- 
nent value mstantaJieously. 

Example. — When L = 0.1 henry, B = 5 ohms, what is the time 
required for the current to rise to 90 per cent of its penuMient 
value? By equation (2), 

r = ^ log, j^^og = 0.02 X 2.3 = 0.046 sec. 

If in the above example we make L = I henry, then the time re- 
quired for the current to rise to 90 per cent of its permanent value 
is 0.46 second, ten times as lai^e as m the former case. In 0.046 
second the current would in this case rise only to 21 per cent of 
its permanent value. 

On removing the e.m.f. from a direct current circuit, the cur- 
rent does not vanish immediately. The magnetic field of the 
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inductance produces an e.m.f. which causes a current / to flow in 
the circuit the value of which is given by the expression 
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where /, is the steady value of the current before the ejn.f. is 
removed. The e.m.f. generated by the magnetic field ot the in- 
ductance coil is 



-4 = 



-s/,< 



(4) 





\^ 






















































































\ 












































s 




































I 


- 






s 
















Deeasol Carrot ia 

Indaoli™ Circuits 

R-M Ohms 1-0.6 HeniT 












s 


















M 












\ 






























&1 














V 


^ 
























































































~~ 


— 


— 

























OMtMttMOMOMOMOjyiOMOMO.100.UaJ2 
Time Id Socoull 

Fia. 54. 



0.U 0.16 0.17 O.1G0.1V.20 



In Figs. 53 and 54 two curves are given showing the rise and 
decay of the currents in an inductive circuit on closii^ and open- 
ing the circuit. 
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CLOSIHG AH ALTESM ATIHG CDRRSMT IHBncnVB CIKCOIT 

Let UB aasume that at the instant of eloeing the circuit the 
ejD.f, of the generator is 

e=E«in{ut + i>) -Eaa<Pt^ (5) 

l^e current in the permanent state is 

r = 7Bm(«( + ^ - 4>) =Ian.{i - «),_o, (6) 

where 1 = ■ ... ^^ i tan A ^ -=-- 

The current, however, will not rise instantly to its permanent 
value as £^ven by (6) owii^ to the back e.m.f. generated by the 
nia^pietic field of the inductance coil. For a short interval of 
time after cloeing the circuit the value of the current will be 
^ven by the expression: 

--» 
i = 7 sin (wi - ^ + *) - /( ^ ein (^ - *). (7) 

In short-circuiting an alternating current inductive circuit, in 
which there is no external e.in.f, actii^ on it, the current grad- 
ually dies out in accordance with the expression: 

i=It ^ 8in(^-*), (8) 

Direct Current Circuits Containing Resistance and Capacity 
Only, no Inductance. — On closing the circuit the current and 
potential difference at condenser terminals are given by the ex- 
pressions 

/ = |r^, (9) 



e = E\\-f ««}, (10) 

where E is the impressed e.m.f. and R and C are the resistance and 
capacity of the circuit. Equation (9) does not apply for very 

small values of (, because at ( = 0, equation (9) gives I = p, tliat 

is, at the moment of closing the current jumped instantly from 
zero to finite value and this is not possible. To get the value of 
the current for the very small values of time the inductance of 
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the circuit must be taken into account tliougli it may he ex- 
tremely small, and in that case we get 



ExompU. — 



S- 1000 volts, 
J£ = 100 ohms, 
C = 10 mt., 
1 = 1 mh. 



(11) 



( 


,-S5 


r^' 


« 


/ 





1 


1 








I0-* 


0.990 


0.368 


10 


6.22 


10-' 


0.904 





96 


9.04 


2X10-* 


0.818 




282 


8.18 


6X10-* 


0,606 








394 


6.06 


8X10-* 


0.449 








551 


4.49 


10-" 


0.388 








632 


3.68 


Lsxig-* 


0.223 








777 


2,23 


2X10-* 


0.135 








866 


1-35 


axio-" 


0.050 








950 


0.50 


4X10-' 


0.018 








982 


0.18 


sxio-* 


O.0D7 








993 


0.07 



It is to be noticed that the factor « ^ in equation (11) is only 
operative for an extremely small value time interval, and after 
that it is entirely n^l^ble and equation (9) may be used. 



The problem of determining the current and potential in a 
circuit containing resistance R, inductance L and capacity C, 
either on chargii^ the condenser when the circuit is closed, or on 

• W. Thomson, Transient Electric Currents, Phil. Mag., Ser. 4, Vol 5, 
p. 393, 1853. 

J. A. Fleming, "The Principles of Electric Wave Telegraphy," Ch. I. 

C. P. Steiniuetz, "Theory aitd Cftlculation of Transient Electric Phenom- 
ena," Sect. I, Ch. V. 

H. Armagnat, "The Theory, De^gn and Construction of Induction Coils." 
Translated and edited by O. A. Keoyon, 



Digitized .yGOOgle 



176 FORMULAE AND TABLES FOR THE 

dischai^^ng the condenser when the circuit is shorlxsircuited, 
resolves itself into the study of the differential equation 

''de+'di + c TT 

For constant e.m.f. -jt = and the above equation reduces to 

In working out the solution of equstioa (13) three different 
cases may arise depending on the relative magnitudes of L, C 
and B, They are as follows: 

(I) R>2 y g (logarithmic case). 

(11) fl=2\^ (critical case). (13) 

(III) B < 2 Vp (tr^onometric case). 

We shall give below the formuUe for the current and potential 
for all three cases either on chaining or dischargii^. 

CASE I. S > S y ^ , LOGASITHiaC CASE 

le current in tt 
instant of tune 

■B|l-i[(B + S). "'-(B-S)< "'Jl 



On charging, the current in the circuit and the voltage across 
condenser at any instant of time are as follows: 

I-^U'"-'-, "■), (14) 

g-a . 

(15) 



where iS-yS"-^- 

When the condenser is discharging we have for the current and 
condenser voltage the following equations: 
R-s . 

"s'' 

B-^i(B + S)." ■' '-(B-S). " i, (17) 



I--^'U' "■-. "■ '1, (16) 
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where Bo is the condenser voltage before the condenser is bejpn- 
ning to discharge. 

The expressions for the currents on charge and discharge of 
condenser are identical in form but of opposite signs, that is, the 
currents are exactly the same but in opposite directions. The 
voltage across condenser increases in one case in exactly the same 
way as it decreases in the other. 
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An examination of the expressions for the current (14) and (16) 
shows that the current has zero values for the time f = and 
( = CO ; hence, at some instant of time the current has a maximum 
value. That is, the current is unidirectional, gradually increasing 
from zero to its maximum value and then decreasing to zero agun. 
The time at which the current is at its maximum value is given 
by the expression 



Example. — Suppose we have a circuit of the following constants: 
L = 2mh., C = 2mf., fl = 100 ohms, B = 100 volte. 



-^-f-^^^^im-^- 



R + , 
21 



2X10-«" 
44,250. 
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The time in which tlie current will rise to its maximum value 



CASH n. S' = ^, CSinCAL CASE 
The current and voltage across condenser on charging are 

I -i, 
/-je ". (19) 

a = EJl-(l+f).->4j. (20) 

The current and condenser voltage on discharging are 
1 -?. 



(21) 



CASE m. A < 2 V ~, TRIGONOMETRIC CASE 

The current and voltage across condenser terminals on charging 
ire 

/-^<— 'sm», (22) 

c-bIi-.— '(cos;S( + ?sin|5l)j, (23) 






-2X' "'ViC" 



For condenser discharge we have for the current and condenser , 
voltage the following equations: 

/=-0e-'"sinjK, (24) 

Ci = E^- "• ^cos /M + ^ sin (3( j • (25) 

In this case also -the currents have the same numerical values 
on chaise and discharge but are of opposite signs, and for the 
condenser potentials the increase in one case is exactly equal to 
the decrease in the other case. 
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Equations (22) to (25) represent damped periodic curves, that 
is, the ciurent and potential are oscillatory and the amplitudes 
are continuously dimiuishii^. The maximiun value of the current 
decreases in geometric prc^ression as the time increases in arith- 
metic progre^ion. 

The frequency of oscillation is 



The frequency decreases as the redstance in the circuit is in- 
creased and becomes »ero, ceases to be oscillatory, wheny--=i 



B* 



(critical case). When the redstance is small so that fi* 



4L'' 

The quantity ^y denoted by a is called the dampii^; factor. 

If the resistance is small ^ is small compared with unity and equa- 
tions (24) and (25) reduce to 

I =-E^?t~-*sm&t, (28) 

ei = E^--*coBfit: (29) 

or we may put 

7=fioy/|«-'"co8(3i. (30) 

Ic 

The quotient of the current to the condenser voltage is y j. If 

the circuit is entirely free from resistance, the oscillations persist 
indefinitely, and they are generally designated as undamped or free 
oscillations. 
The ratio of the amplitudes of successive half waves ia 

/, h h , -^ ,,,v 

y- = j^ = y- = etc. = < ^ , (31) 
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where T is the duration of a complete period. The term -^ 

= TT- = ~r-f— is denoted by 5 and is called the loearithmic decre- 

ment of the oscillation per half period. 
Hence, 

h b-ii 



= etc, = 



and 



S = log. Y = log, Y , etc. (32) 

1 



approximately, the expression for the Ic^a- 



rithmic decrement may be put in the form 

As an illustration we may take the following constants: 

L - 1 mh, C - 0.001 mf., E - 100 ohms, E - 1000 volte. 

^.10", ^ = 5X10-. 
jjj is negligible comj)ared with ^^ . 
^-Vk-'"*' <.-5X10', £.v/g-l. 

The ratio of two successive half waves is 
/i ^ 0.92 ^ 0.79 
h 0.79 0.68 
3 = log* 1.164 = 0.162. 



etc. = 1.164, 



By (33) we get 5 = o Vt^ =^-^"- 



xioo./io-* 

Vl0-3 = 



The small difference in the values of S arises on account of carry- 
ing only to two decimal places the values of t~"' in calculating 
the values of Ji, Jj, etc. 

If we introduce a hoVwire ammeter in the oscillating circuit, 
the current indicated is the effective value of the square root 
of the mean square of the discharge current. Generally the time 
interval between two successive dischai^es is sufficiently loi^ to 
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allow complete discharge of the condenser. That is, the current 
is practically zero before another discharge takes place. To get 
the effective value of the current we may therefore integrate 
equation (24) from zero to infini ty and divide by the time interval 
between two successive discharges. The square root of the value 
thus obtained will be the effective value of the discharge current. 
If we denote by N the number of discharges per second, we 
have 

U-l!.\/%- (34) 

If the condenser is charged N times a second to a potential Ed 
the power supplied is 

p _ NCEo' 
2 

We can also get an expression for the effective value of the current 
in terms of the first maximum value of the oscillation, as follows: 



(35) 



where S is the l<%arithmic decrement, n is the frequency of oscil- 
lations and N is the number of discharges. For oscillatory currents 
of high frequency such as are generally employed in wireless 



and often much smalls than that, hence we may neglect (-) in 
comparison with unity, and equation (36) reduces to 

^^-V-g^-^'V?^- t37) 

Example. — Let ua take the same data bs Id the illustratioD 
given on page 180. 

E, - 100 volts, C = 10-" mt., L = 1 mh., B - 100 ohms, /, - 0.92, 
n-^, J -0.157. 
Assuming N = 1000 we have by (34) 



7«-100O^i5i|~^ = 0.071 amp. 
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By (36) we have 
.• = 1.17. 

10' (0.92)' X 1.17., 1 5.04 X 10-' 



I^ 



-C^T'^+C^)" 



= 5.04 X 10"', approximately. 
7efl = 0.071 amp., 

which is in agreement with the value obtained by formulse (34). 
It is also to be noted that the term (-) is very £mall compared 

with unity, and formula (37) would have given the same results. 

Alternating Current Circuits Containing Resistance, Induc- 
tance and Capacity in Series. — When an alternating e.m.f. is 
introduced into a circuit having a resistance B, inductance L and 
capacity C the current and condenser voltage do not attain their 
permanent values instantly. It requires a certain time interval, 
which is generally very small in all practical cases, before the 
current and voltage across condenser have built up to their maxi- 
mum value. 

The current and condenser voltage may be expressed as the 
difference of two quantities, 



/ = /, 

E = E, 



?. - E„ J 



where the subscript a denotes the steady or permanent values and 
the subscript v denotes only the variable values of the current 
and voltage which are present during the transition period, 7, 
and B, diminish in accordance with an exponential law with re- 
spect to time and consequently disappear very rapidly. Formula 
for /. and E, have been given in Chapter IV, hence we shall give 
here only formulse for 7„ and E,. 

As m the previous section we have to distmgubh here also 
three distmct cases depending on the relative magnitudes of the 
electrical constants L, C and R. 

Let us consider first the trigonometric or oscillatory case 



fl<2 
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We shall assume that at the instant of closing the ckcuit the 
steady values of the volt^e and current are 

/, = /m.x sin (wi + ^ - *) = 7,^ sin (V- - *), J 
where 

B„. , . "^"^ 
- tan ip = 5 



,/(. 



uC, 



'^' + R' 



acos (if-*) sinOf+Z.o.iY'^ ain (^-«) sin 03f -7) ( 



For the luuiting conditions given by (39) we have the following 
formulae for 7, aod E,: 

(40) 

(41) 



Any change in the electrical constants of the circuit will also 
introduce a transient term. The current and potential cannot 
pass over instantly from one permanent value to another, it re- 
quires a certain time interval for the readjustment. During the 
transition period the current and ptotential can also be expressed 
by formulae (38), but in this case the values of 7„ and E„ are as 
follows: 

7, = *^ S AE sin gi + A7 y ~ sin (^ - t) | . (42) 



where ^E = (B,,, - S,,,)(i=o), 

M - (/... - A,.)o.D)- 



(44) 



Equations (44) give tlie variation in the permanent values of 
tlie current and condenser potential in the circuit at the time 
I -0. 
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For the critical case B = Sy j^ the value of 7, is given by the 
formula 
/, = «-«- Jb.,„„,|co8 (^ - «) - I^.(l - ?)8in(,A - *) I ■ (45) 
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When the resistance is still further increased, so that 
we have the It^ajithmic case, and the value of I, is 



K>2V^, 
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-[£,,^costf-*)+(|+l|s)7,„Bin(^-*)j,-* I ■ 



(46) 



Aa in the trigonometric case we have here also for any change 
in load condition a transition period durii^ which we have, be- 
udes the term repreaentmg the permanent value of the current, 
another term which is effective for a short period only, the transient 
term. The value of the transient term which we designated 
throughout by 7, ia as follows: 



*■ } (48) 



A7 = (7„ - 7i..)(^«, 



represent the differences in I and E between the steady values 
before and after the change. 
The values of a and j3 in equations (46) and (47) are given by 

Divided Circuits.* — We shall first consider the simplest case, 
the circuits havii^ only inductance and resistance. 

Suppose we have a continuous current flowing throi^ the 
circuits and either the main circuit is short-circuited, or a varia- 
titm in the resistance of any of the branches is made. The problem 
is to determine the values of the transient terms of the currents 
in the branches. 
Let E = e.m.f . 

Tin, Li, Li = inductances of main and branch 

circuits respectively. 
J2o, Ri, Rt = resistances of m'^ and branch 
circuits respectively. 
The permanent values of the currents in branches 1 and 2 are 

7.=^ and 7.=^, (49) 

where R* = BJit + RJto + RiRt. 

* See Ch. P. Steinmetz, "Theory aad Calculation of Trttnment Electric 
Phenomau and Oscillations," Section I, Ch. IX. 
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Now let us suppose that there is a change in resistance' in 
branch 1 or 2. The cinrents in the two branches are as follows: 



■ /."+ 



iK,(I,'-I,")+I,'-I," 



( g.qi'-fi'O+f ■'-/■' 



!•". 



(50) 



Aj — iti 

where 7/ and /»' are the permaiLent values of the currents in the 
two branches before the change in the resistance, and /i" and It" 
are the permanent values of the currents after the change. 



~WM~ 



Fig. 57. 

jK* = RiiRa + RoRi + R\Itt, 

S'-S,(I, + i,)+Bo(L, + W+fii(Z, + W, 

-S' + VS'-iL'R' , -S'- VS'-iL'l 



21? 



2L" 



_j; (l. + Li)Xi + (B. + R) _ „ .. (U + fa) + (g. +Bi) 
' i,Xi + B. '" L.X, + B, 

As an aiustration let ub consider the following example: 
Lo = 5 henrys, Li = 2.5 henrys, Lj = 10 henrys, 
Bo = 10 ohms, Bi = 2 ohms, Bt = 25 ohms, 

and we shall assume that the value of Bi is suddenly changed to 
15 ohms. 
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The permanent values of the currents before and after the 
change in the resistance are 

/i' = 7.81 amp., h' = 0.625 amp., 

/i" = 7.5 amp., /»" = 1.00 amp. 

We also have 

L* = 87.5, R* = 200, S' = 267.5. 

X, =-1.42, X,=-1.63, 

Kx = 0.47, Kt=- 0.12, 

Introducii^ these values in equations (50) and (51) we get 
7, = 7.5 + 0.70 *-'■"' - 0.39 e"'"', 
h = 1.00 - 0.33 «-■•*»' - 0.045 «-'■•". 
For ( = 
li = 7.81 1 which are the permanent values of the current 
Ix = 0,625 J before the change in resistance. 
For t = oo 

7i = 7.5 amp. \ which are the permanent values of the current 
7j = 1.00 amp. / after the chaise in resistance. 

If the circuit is short-circuited we must put in equations (50) 
and (51) I" and U" separately equal to zero, and the equations 
reduce to 

/, = - ^"^^f^^f* ^■' + ^"^ii^^f* ^"^ (53) 
Umng the same constants as in the above example, we get 

7i = 0.53 «-'■"' + 7.28 «-»■"', 
7j =- 0.25 .-'■«' +0.87 «-'■"'. 

Transient Currents in TransmissioQ Lines.* — The capacity 
of the transmission line is represented by a condenser shunted 
across the middle of the line. We shall ^ve here formula for 
the transient currents and potentials which may arise either when 
the load is short-circuited or the generator is short-circuited. 

"Theorie der WechaelstrSiiie," 
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CoBsder first tiie case ci the traoseat jriiesiomena i^c^ occur 
in toaiunuflraoa line when the load is sbOTt-drcuHed, as shown 
diagrannnatically in Rg. 58. 



^ 1,1-, «, IJ.t St 



FiQ.58. 

Let Ii.,.„ It.tM I..,.t, Ec,,,t represent the permanokt values of 
tiie currents in the different branches and the condenser potential 
at the instant that the line is short-circuited at the rec^ving end. 
Then we have the following formulte for the transient values of 
the currents and potential. 



h. - •— ' j - ^'sin^+^l+^" ^' Bin (/«-*) I 



(54) 



♦)}, 



A ft 

"2i, "2i,' 



^-^xs-^-^w-"- 






and ^ " tan~' 



The values of a and p given above have been obtained on the 
aaeiunption that r^ " T"' 
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An examination of equation (56) makes it appear evident that 
no great rise in potential can occur on the line. 

As an illustration consider the case of a single-phase line 100 
miles loi^, made up of No. 000 B. & S. with wires 96 inches 
interaxial distance. The resistance per mile R = 0.33 ohm. 

Inductance per mile L = 2.06 mh. 
Capacity per mile C = 0.0145 mf. 

The total resistance, inductance and capacity of the line are 
33 ohms, 206 mh. and 1.45 mf. respectively. 
We have therefore 



Ri=Rt = 16.5 ohms. 
2Li' 



Li = i, = 103 mh. a = ^ = 80.1, 



'^. 



(80.1)' - 36.6 X lO", 



' 103 X 10-' X 1.45 X 10^ 
K = 0.005, y 1 + 1| - Vl.004 - 1, approx. 

__j-»i[200/.,,,i,sm«( + R,j8mtfi+rtl. 

If /e...o is numerically equal to one hundredth of Sj,,^, that is, 

I^,u = -TTJTr, the rise in potential is only about three times the 

normal value. 

For the case where the generator is short-circuited we may 
neglect Lt compared with Ri, and in that case the transient cur- 
rent in the branches and the potential is given by tiie following 




a,. -=-"'{%^sin/SH-E...,,yi-|-2-|sijl(^-l-«)|, (59) 
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./ Ri + fii 
"V ALiC 




(60) 



It a direct e.m,f. ia acting on tlie line, tlien £c,.,o = E and /e...o = 0, 
where E is the e.m.f. impressed on the line. Equation (59) 
reduces to 

B,....-«Ey 1 +2j Bm((a + «), 

The increaBe in potential is proportional to 

(3' ^VXxCV fi. 



This ratio is seldom much greater than unity and increases as a 
increases. 

Mutual Inductance.* — If we have two circuits connected 
inductively and impress continuous e,m.f.'s Ei and £g on circuits 
I and II respectively the currents in the circuits are 

El _j T/ ^Es 



(61) 



* See Ch, P. SteinmetE, "Theory and Calculation of Transient Electric 
Phenomena," Section I, Ch. X. 

Einffihrui^ in die Maxwellsch Theorie der Ellektrizitat roQ Dr. A. Foppl 
herauBg^eben toq Dr. M. Abraham, Part III, Ch. II. 
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If there is a sudden chaise in load cooditioiiB, say Rt is changed to 
Bi, the permauetit values of the curreiLts in the circuits after the 
change are 

= 1 and /."=§,- (62) 



/i" 



The change, however, from one 
current value to another due to 
a change in circuit conditions 
doeanot occur instantly. The cur- 
rents rise gradually to the changed 
permanent values; the mterval 
of time required before the permar- 
nent conditions are established 
again depends upon the electric constants of the circuits. 

The expression for the currents in the two circuits at any time 
( are as follows: 




Fig. 60. 






A7, 



Ah 



(63) 
(64) 



4 /. - U - I,", 
IjXi + Bj 



-(«.+ 


a.) + V(a, - 


«i)" + 4m<BK" 




1-X 




-(o,+ 


at) - Via, - 


m)' + i<-mK' 



M' 



1- 



(65) 



If there is a change in the resistance of circuit I from Ri to 
fii' the permanent values of the currents in the circuits after the 



'•"-f:' 
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The currents in the circuits before the permaneDt values are 
established are given by the expreaaions. 

7, = 7/'__^^l^^,.+-A(i^^, (67) 

Wii — wij mi — TBa 

j_ _ j_„ _!_ M,mm, ^,, _ A/i»i.m. ^ 
?ni — /W) TWi — mi 

where AZi = 7/ — 7i" and mi, mi, Xi, Xj have the same dgnifi- 
cance as ^ven in equation (65). 

If one of the-circuits is suddenly opened, we shall merely have 
to put either h" = in equations (63) and (64) or Z/' = in 
equation (67) and (68) depending upon whether we open circuit II 
or circuit I. 



Li = 0.1 henry, Bi = 10 ohms, L% = 0.2 henry, 
B) = 25 ohms, M = 0.1 henry, Ei = 100 volts, 
Et = 200 volis. 
Now suppose we suddenly change J^ to 40 oluns. We have 



25 ■ 
_ 25 _ 
"0.4 



1 - 0.5 
-(50 + 62.5)- V(62.5- 50)^+4X50X62.5X0.5 



- 0.1 X 65 

A/, =8-5 = 3; 

hence, ^^ = '^^+m''^'- m'~^'' 

/, = 5 + 1.26 «-«' + 1.74«-«'. 
For t = 



7i = 10 amp. \ p 
7» = 8 amp. J 



7i = 10 amp. ^ permanent values before change in 
resistance of circuit II. 



For( = 



7i = 10 amp. \ permanent values after chai^ in 
7t = 5 amp. J redstance of cireuit II. 
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If in the above example we had changed Ri from XO to 20 ohms 

and kept % constant, we should have had 

100 - ,, 200 „ 

= 2j=5amp., /,' = ^g- = 8 amp. 

wii, rrhi, Xi, Xi have the same values as above. 
By (67) and (68) we get 

/, = 5 + 2.9 «-«'+2.1«-»W', 
7, = 8 + 1.56 «-«* - 1.56 «-»»'. 
For i = 

7/ = 10 amp, \ permanent values before the chai^ in 
7/ = 8 amp. J resistance of circuit I. 
For ( = 00 

7i" = 5 amp. 1 permanent values after the change in 
7j" — 8 amp. j resistance of circuit I. 

Let us now condder the case where one circuit has no e.m.f. 
acting on it and an e.m.f. Ei is introduced in the other circuit. 
Suppose Et = 0. There is no current in either circuit before 
the e.m.f. is introduced in circuit I; that is, we have 

/i'=0, 7,'=0, /i"=J' /i"=0. 

Equations (67) and (68) reduce for this case to the following: 

= ^ J 1 4 1 (m^ii— ™.^1 '. (69) . 

(70) 

The values of mi, mt and Xi, ^ are given by (65). The current 
in the secondary circuit first commences to rise, reaches a maxi- 
mum value and then diminishes to zero again. The time in 
which it reaches its maximum value is given by 

As an illustration we may use the same constants as m the pre- 
vious example, 

^ = 10 amp., mi = - 0.54, m = 0.74, Xi = - 65, Xj = - 385, 

7, = JIO - 5.78 1-"*- 4.22 (-""j, h=- 3.12 {«-«' - e^'i. 
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The time in which the secondary will have its maximum value is 

i = ^ X 1.78 = 0.0056 Bee. 

The table below ^ves the values of 7i and It for values of t 
(0 - 0.015) calculated by formulse (69) and (70). 



.- 


A- 


1,. 











O.OOI sec. 


1.72 


0.80 


0.002 


2.97 


1.29 


O.OOS 


5.21 


1.80 


0.008 


6.36 


1.71 


0.010 


6,9 


1.56 


0.015 


7.81 


1.16 



Oscillation Transformer Having Inductance and CapaciQr in 
Series.* — The complete solution of the problem of determining 
the current and condenser potential in each circuit of the oscillar 
tion transformer, when an electric discharge occura in one circuit, 
offers considerable mathematical difficulties. It involves the solu- 
tion of a fourth-degree differential equation of the form 



'dl^ 



'dF 



,d^I 



+ iCd^+CrI^+C,CaiM ^ + (C,R,+CJt,) ^ +/=0 (72) 



where Ri,Li,Ci and Ri,Ij%,Ci are the resistances, inductances and 
capacities of the primary and secondary circuits respectively and 
M is the mutual inductance between the two circuits. Since, 
however, in most cases where such circuits are employed, as in 
the case of a radiotelegraphy, the resistances are small com- 

• J. A. Fleming, "The Principles of Electric Wave TeUgn^hy and 
Telephony," CSi. III. 

P. Dnide, "Uber induktiv Err^ung zweier elektrische Schwingungskteise, 
eto.," Ann. der Physik, 1904, Vol. 13, p. 512. 

A. Obeifoleck, "tjber den verkuf der elektrischen Schwingungen bei d^ 
Teala'schen Vereuchen," Wied, Ann. der Pkysik, 1895, Vol. 55, p. 623. 

Louis Cohen, "Theory of Coupled Cirouite having Distributed Inductance 
and Capacity," Bvilelin Bvreau of Standards, Vol. 5. 
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pared with the react^ices, we may as an approximation neglect 
Bi and Ri which reduces equation (72) to a second-degree equa- 
tion. With this limitation, that is, neglectii^ the reGistances, we 
have for the condenser voltages of the primary and secondary 
circuits 




El is the maximum voltage of condenser Ci, that is, the break- 
down voltage of the gap, and wi, uj are 2 t times the frequencies 
of the circuits. Both circuits oscillate with two periods corre- 
sponding to the frequency constants wi and wj. 

The values of wi and lOi are 

_ \ /CiLi + CiL, + V (CiLi - CiL,y + 4 M 'Ci^ 
"■"' 2CiCi{L,Lt-M») ' 

_ J CiU + CtU-y/ (CiLi - CJji)' + 4 MKIidi 
When the two cbcuits are syntonized 
Equations (75) reduce to 



= V^ 



1 



'=v/i 



Villi 



LCa-K)' " \LC(,1+K)' 
and is called the coefficient of coupling. 
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If we put CL = —^ where — is the natural time period of each 
circuit, we have 



VHTK Vl+K 

Substituting the values of ai ^id Ot from (74) into the second 
equation of (73) we get 

<h-ai"V(LiCi-L^i)* + iK*CiCtLiLt' 
When the two circuite are ^ntonized, we get 

li K = 1 01 M* = LJjt equation (77) becomes 
"'LiC + UC, _ 

The current in tbe secondary circuit ia also expressed as the 
sum of two currents of different frequencies. 

J,-$VCA ," sin " i-$VCA ," sin " t. 

(80) 
The oscillation of the greatest frequency has the greatest 
amplitude. 

As an illustration, we take tbe following constants: 
1, - 2 mb., L, - 1 mh., C, ". 0.002 mf., C, - 0.001 mf., M - 1 mh. 
We have 
L,Ci-4XI0-» Lk:i-IO-» 41I/>C,C, -8X10-", 
flC, (liL, - Jlf •) - 2 X I0-» (2 X IC^" - lO-") - 2 X lO"", 
hence 

_ _ w^ _ J_i /5 X 1 0-" + V9 X 10-' + 8 X 10-" 
2i 2iV 4 X 10-" 

- i5fV5 + l/l7 - 2.41 X IV, 
■ 4t 

"t - 5^ - i5!V5- vT7 = 0.74 X 10". 

2t 4]r 
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The two frequencies are in the ratio of 3.26 : 1. 
If the two circuits are syntonized, that is, if 

L^, = Z,jC, = 4 X 10-" and K = 0.5, 
we have 



"• = I; = 2lr V 10-" (1 + 0.5) " 27VU ~ '•' ^ '"'' 



and the current in the secondary circuit is as follows: 

/. = Ei(^-^^^X2.25X10»sm»i( -^^^^ X 1.3X 10=Mnw,(j 

= EiX 10-* (2.25 sin «if - 1.3 sin wjt). 

The wave laigths can be obtained from the values of the fre- 
V 
quencies by the relation X = — , where V is the velocity of light; 



For the case in the above example when the two circuits i 
syntonized we have 

Q s^ inu A 

X 10* cm. = 1333 meters. 

X IC cm. = 2307 meters. 



2.25 X 10» 
3 X 10" _ 3_ 
" 1.3 X 10* 1.3 



Direct Coupling. — Another form of coupling commonly used 
in high frequency work for the generation of oscillatory currents 
is the so-called direct coupling. The arrai^ement of the circuits 
is shown in Fig. 62. When an electric discharge occurs in cir- 
cuit I, the current is partly transmitted to circuit II which in 
its turn reacts on circuit I and thus both circuits are set in 

• G. Seibt, PhysikaUtche Zeittchrift, Aug. 1, 1904; or Ed. tleU., Oct. 1, 
1901. 
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electrical oscillation simiiltaneously. As in the case of the 
magnetically-coupled circuits, both circuits oscillate with two 
different frequencies. 

C. 




Fig. 62. 



If we arrange the constants of the circuits so that both are in 
syntony we have 

Then the frequencies of the oscillations are 



»-f,v/^FlW 



1 



1+^ 



(81) 
(82) 



If we write in the above equation = ; inatei 

1 — p 
equations (82) and (83) reduce to 

1 1 

2rVW vT+J 
1 1 

"* 2»VLC W^p 



m 

(85) 



If Y" ^8 small, p is also small and the difference in the two fre- 
quencies will be also small. As an illustration we may consider 
the case of antenna circuit coupled directly to the exciting circuit 
as shown in Fig. 63. 

We may use the following constants: 

Li = 0.1 mh., Li = l mh., Ci = 0.004 mf., 



= 0.1, 1- 



= 0.9, 



= 0.1 and p = 0.316. 
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Introducing these values in equations (S4) and (85) we get 
' = 2.2 X Iff, 



^ 1 1^ 

2irVlO-*X4X 10-" Voe 



= 3.05 X 10*. 




Fio. 63. 

The wave lengths correspondii^ to these frequencies are 
Xi = 1364 meters. 
Xi = 984 meters. 

If in the above example we had L» = 2 mh., 

~ = 0.05, — !— , = 1.05, p» = 0.05, p = 0.224, 
1ji 1 — p" 



2-'VlO-*X4X10-» VT224 



2t Vio-* X 4 X 10-* Vojm 
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"^/ 

CHAPTER VI 
DISTRISnTED INDnCTAHCE AHD CAPACITY* 

In loi^-distance transmission problems it is not permissible to 
assume that the resistance, inductance and capacity are localized at 
one or more points. The error introduced by such an assumption 
may be considerable, as will be shown by some examples worked 
out here. Accurate and reliable results can be obtained only by 
working out the problem in its most general form, allowing for the 
uniform distribution of resistance, inductance, capacity and 
leakage along the entire length of the line. The problem does 
not offer any great analytical difficulties; it has been discussed by 
many engineers and physicists and various formulse have been 
derived. The numerical work, however, in working out any par- 
ticular problem by the general formula is somewhat laborious. 
It is hoped that the various tables and cmres worked out here 
will facilitate considerably the work of numerical computation. 

More than one formula are given in many cases so that, by 
carrying through the computations by two different formuUe, 
numerical errors may be eliminated. 

It is believed that the many examples covering typical cases 
of transmission lines worked out here will prove to be of value 
to engineers who have to deal with transmission problems, in 
giving an approximate idea of the general, behavior of a long- 
distance transmission line in regard to its electrical conditions as 
to losses, regulations, etc. Furthermore, some examples have 
also been worked out by other formulae which have been de- 
rived on the assumption of localized inductance and capacity, 
which will serve to illustrate what errors may be expected in the 
use of such formulae. 

Notation. — In all the formiilffi in this chapter we shall use the 
following notation : 

R = resistance in ohms per imit of length (the mile is a con- 
venient unit of length), 

* A list of references on this subject ie given at the end of the chapter. 



DiQitized^yGOOgle 



CALCULATION OF ALTERNATING CURRENT PROBLEMS 201 



inductance in mh. per unit of length, 
capacity in mf. per unit of length, 
leakage conductance in mho. per unit of length, 
2 T X frequency, 
frequency, 

distance aloi^ the line either from generator end or re- 
ceiving end, 
voltage at generator end, 
current at generator end, 
voltage at receiving end, 
ciurent at receiving end, 
voltage at any point on the line, 
current at any point on the line, 
attenuation constant, 
velocity constant. 



The General Equation for Current Propagation Along Wires. 
— The general differential equations for the current and poten- 
tial distribution along a line of uniformly distributed inductance 
and capacity are as follows: 



„d'i 



i" , 



LC'^ + KB + Lg)'^ 



,(iP 



da" 
' d>'' 



(1) 



Since we are to consider only sinusoidal quantities (7 = /gc^, 
E = Ea^), these equations may be simplified to 



--VH, 






(2) 



F"--lC»' + (Cfi + i8)j» + iJj. (3) 

The interconnections between E and 7 are given by the equations: 
. dE 



to + «<.) = 
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The plus Bign is used in considerii^ distance from receivii^ end, 
that is, in direction of increarang power. The minus sign is used 
in counting distance from generator end, that is, in the direction 
of decreasing power. 

In equations (2) V is the propagation constant of the line. It 
is a complex quantity and may be put in the fonn 

where 

a = Vj J Vim + „'L') (ff' + C»«*) +Rg- ^*LC) \ \ 

a is the attenuation constant giving the rate at which the current 
and potential waves diminish in intensity as tb^ travel along the 
line, and is a function of the frequency. The higher the fre- 
quency the more rapid the damping. This is very objectionable 
in telephonic transmission since the higher harmonics of the speech 
wave are diminished in intensity at a more rapid rate than the 
lower harmonics, and consequently the wave arriving at the re- 
ceiving end is distorted. 

ff is the wave length or velocity constant of the line. If we 
designate by \ the wave lea^h and by W the velocity of prop- 
■ agation we have 

W=?f. X.|. (6) 

Example. — 

Consider a telephone circuit, metallic return, consisting of No. 
14 B. & S. copper wire, interaxial distance 24 ins. 
We have 

R = 13.3 ohms per mile, 
L = 2.21 mh. per mile, 
C = 0.0135.mf . per mile. 
Assume g = 0, leakage negligible. 
For « = 1000, B' + w'X* = 181.77, Cu = 13.5 X lO"*, 



a = ^1|^ X l(f(Vm?n - 2.21) = 8.72 X ID"*, 
fi = ^~ X 10-<(vi:8r77 +2.21)= 10.29 X lO"*. 

DiQitized^yGOOgle 



CALCULATION OF ALTERNATING CURRENT PROBLEMS 203 

The velocity of propagation ^ = 5 = in q y in-* =97,100 miles 

per second. The wave length \ = — = ^ — ^ = 609.7 miles. 

If we take 
= 10,000, R* + 6)*L* = 665.3, Ca = 135 X 10"*, 



.=v/ii 



= 15.78 X 10-», 



IF = s = 56 85 X 10~» ^ 1^^'^^ ""''^ P^^ second. 
^ TT _ TT X2Tr_ 175,900 X 2 T 



10* 



= 110.5 miles. 



Increasing the frequency ten times has about doubled the value 
of the attenuation constant, and decreased the wave length. 

If we neglect the leakage and make L large by the introduction 
of loading coils at various points on the line, then we may write 
equations (5) in the following form : 



/y, approx. 






1+^,+ . . j=uVcl,a.ppTox. 



(7) 



The attenuation is practically independent of the frequency. 
If the constants of the line are of such magnitude as to make 

R ^_g_ 

L<a Cw 
equations (5) will reduce to 

a = RsJj^ and ^ = toy CZ, (l +^j')= «v^, approx. (8) 

In this case the attenuation is also independent of the frequency, 
but it is to be noticed that in (8) the attenuation constant is 
twice as large as that in (7). 

For telephonic cables when the wires are close tf^^her, the in- 
ductance is negligibly small, and equations (5) reduce to 
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+ 9), 


a 


-V§(v,- + 


M- 




/T? 




-s). 


H 


-Vf(^«'+ 


M' 



(9) 



When, the leakage component is small compared with the capacity 
component 



-\/¥t 



This ia the formula which ordinarily applies to cable circuits 
employed for telephonic transmission. 
We may also express a and j3 in the following form: 



a X 3.78 5 

a X 3.78 5 
Iff 






where Z) = interaxi^ distance between the to and fro conductor 

and r is the radius of the conductor. Since Zi is a function of ~ , 

r 

we may express a and ^, for a given resistance and a ^ven fre- 
quency, as a function of — 

Formulae (11) were used for the calculation of Tables XVII 
and XVIII and Figs. 64-67 were plotted from these tables, 
giving the values of a and (3, for the frequencies 25 and 60 cycles, 

as functions of — 
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AND PER Mile fob TsuNaniAR Spacing of Thrke-Phase 
Tbanbmisbion Lines at 25 and 60 Ciclbs 



b"4S. 


per mils 


wine in 


BOCycteB, 


a Cycles. 1 


- 


f 


" 


B 


250,000 

OOOO 

000 

00 



I 

2 


0.222 
0.263 
0.33 
0.416 
0.525 
0.665 
0.835 


f 72 

J 96 
1l20 
tl44 

(■ 72 
J 96 
1120 

Ll44 

r 72 
J 96 
1l20 
Ll44 

r 72 
J 96 
1 120 

Ll44 

f 72 
J 96 
1 120 

Ll44 

f 72 
I 96 
il20 
1.144 

Vi 

1l20 
il44 


0,322X10-* 
0,306X10-* 

0,294X10-* 
0,287X10-" 

0,374X10-" 
0,357X10-' 
0,344X10-' 
0. 334X10-' 

0,457X10-' 
0,437X10-" 
0,421X10-" 
0. 408X10-' 

0,556X10-" 
0,536X10-" 
0,517X10-" 
0,504X10-" 

0.678X10-" 
0. 653X10-" 
0,633X10-" 
0,615X10-* 

0,825X10-' 
0,791X10-" 
0,766X10-" 
0.749X10-" 

0,989X10-* 
0,945X10-" 
0,920X10-" 
0,905X10-" 


2.11X10-" 
2,10X10-" 
2,09x10-" 
2. 09X10-" 

2,11X10-* 
2,10X10-" 
2,10X10-' 

2,09X10-* 

2,12x10-* 
2,12X10-' 
2,11X10-* 
2,11X10-* 

2,15X10-* 
2,14X10-^ 
2.13X10-* 
2,13X10-* 

2,18X10-* 
2,17X10-* 
2,16X10-* 
2. 15X10-* 

2,23X10-" 
2,21X10-" 
2,20X10-* 
2. 19X10-* 

2,29X10-* 
2,27x10-* 
2,26X10-* 
2,25X10-* 


o.soexio-* 

0,306X10-" 
0. 283X10-" 

0,275X10-' 

0,352X10-" 
0,337X10-' 
0,326X10-" 
0,316X10-" 

0,420X10-" 
0,403X10-" 
0.390X10-' 
0,381X10-" 

0,497X10-' 
0.482X10-' 
0,468X10-" 
0,456X10-' 

0,591X10-* 

0. 569X10-* 
0,554X10-* 
0,541x10-* 

0,691X10-* 
0. 670X10-* 
0,655X10-* 
0,640X10-* 

0.800X10-* 
0,779X10-* 
0,756X10-* 
0,744X10-* 


0,918X10-" 
0,912X10-" 
0,907X10-* 
0.906X10-' 

0,932X10-" 
0,927X10-' 
0. 922X10-' 
0,915X10-' 

0.960X1O-' 
0,953X10-' 
0,946X10-' 
0.941X10-' 

0.995X10-" 
0,989X10-' 
0.980X10-' 
0,972X10-' 

1,05X10-' 
1, 03X10-* 
1,02X10-" 
1. 01X10-' 

1,10X10-* 
1,09X10-* 
1,08X10-" 
1,07X10-* 

M7X10-* 
1,16X10-* 
1,14X10-* 
1,14X10-* 



* TUb table am &ln be vmi (or doile-phBw III 
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The general solution of equations (2) giving the current and 
voltage at any point on the line is aa follows: 

E-(ai-Jo.)(-A,<'''+A„-''-),! 



I-A„-''-+A„y; 
E-(at~ ja,) (- A,t-'- + A^"-), 



(12) 
(13) 




(U) 



g' + Cw' 



The quantity ai — jot is frequently expressed in the following 
form: 

■'"* Cjo> + g Cjw + g VCj<o + g 

and is sometimes denoted by Zq. The quantity Zq is called the 
initial eendii^-end impedance. 

Equations (12) are to be used when the distance b considered 
from generator end, in the direction of decreasing power, and 
equations (13) are to be used when the distance is considered 
from the receiving end, in the direction of increasii^ power. 

The solution of equations (2) may also be expressed in terms 
of hyperbolic functions. 

I = Ai cosh Vs + Ai sinh Va, ) 

B = - (a, -jot) {Ai sinh 7« + A, cosh Vs), ) ^ ' 
or / = Ai cosh Va + Ax smh Va ) 

E = {ai- jch) (A, sinh Vs + As cosh Vs). \ ^ ^ 

Equations (16) are to be used when the distance is considered 
from the generator end and equations (17) when the distance is 
considered from the receiving end. The two sets of equations 
(12), (13) and (16), (17) are equivalent. 

The development of the application of hyperbolic functions 
to the study of electrical problems is mainly due to Prof. A. E. 
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Kennelly. His researches on this subject were published in a 
number of very interesting papers.* 

The values of the constants Ai, Ai in equations (12), (13), (16) 
and (17) are to be determined from the boundary conditions. 
The evaluation of the constants in most cases and the rearrange- 
ment of the final solution so as to put it in the simplest form is 
a somewhat laborious algebraic process. We shall, therefore, in 
accordance with the general plan of this work, eliminate all the 
intermediate steps in the work here, and just give the final solu- 
tions for some of the important cases which occur in practice. 



mFlNITE LUTE 

The suuplest case is that of an infinite line because there is no 

reflected wave from the receivii^ end. Let E, be the generator 

voltage assumed to be of sine wave form. Then the voltage and 

current at any point distance 8 from generator end are 

E = Egf-"* cos ^8, 



Vai* + Og^ 



=^7i^:-— 



-«) 



(18) 



= Voi* -f- da' and is the s 



B for every point on the 



line, that is, the line acts simply aa an UDi}edance whose value is 

The current leads the voltage by an ai^le <f> whose value is 

= tan-^?3 = tan-i^5^^ (19) 

and which is constant for all points on the line. 

If j; = and Lu = 0, which b approximately the case in cables 
in which the dielectric losses and the inductance are small, we 



r.^Vt'- 



tan-' 2 = tan-* 1 = 45°. 

p 

given at the end of thia chapter. 
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Expressed in hyperbolic functions the fonnuke for the current 
and potential in an infinitely loi^ line are 



- (sinh Vs — cosh Vs), 



E = E„ (cosh Vs - sinh Vs). \ 

Since V = a +jffia& complex quantity, cosh Vs and aioh Vs are 
complex quantities. If we should separate them into their real 
and imi^nary components, equations (21) would reduce to the 
same form as equations (IS). 

LINE OF FraiTG LENGTH AND OPEN AT RECEIVING ENI) 
Denoting by E, the impressed voltage and by I the length of 
the line, the voltage and current at any point on the Ime distant 
s from the end of the line are 

p _ EaJcoBgs (f°' + «-") +jam0a(t" - f")} 

J = ^0 S COS gs (t"* - t—') + 3 sin gs ("^ + «~°') \ 
oi - jot \ cos &l {^ + (-"') + J sin (3i («"' - <-»') ( 

The absolute values of E and I at any point on the line are 






2 cos 2 gs 
2cos20/' 



e. / <■- + .-■..- 



- 2 COS 2 gs 
2cos2/3i 



At the end of the line, that is s 
E,- 



■0, 

2 Eg 



/, = 0. 



'' + e-'"' + 2cos2^! 
At the generator end of the line, s = /, 






- 2cos2ffl 
2cos2^z" 



The solution for the distribution of the current and potential 
along a finite line open at the receiving end, in terms of hyper- 
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bolic functions, and considering the distance from the receiving 
end of the line, is as follows: 



I = ^» sinh Vs 
Oi — j<h eo8h VI 



(26) 



/, = 0, Er 



E, 
cosh VI 

tanh VI. 



FormulEe (22) and (25) are identical, aad either can be converted 
into the other. This can be best shown by a numerical example. 
Let uB take the same data as given in example worked out on 
page 202. 

L=2.21mh., C=0.0135mf., fi = 13.3 ohms, (? = 0, i=150mileB. 
For the frequency of 1000 

a = 8.72 X 10-', ^ = 10.3 X 10-», Co> = 84.8 X lO"*, 
a. = £; = 121, oj = ^ = 103. 

«»""' = 13.69, e-'"' = 0.073, cos 2 ^i = - 0.998. 
By formula (24) and (25) we get 
2E, 



E,= 



It = 



V13.69 + 0.07 



= = OME,., 



V'13.69 + 0.07 + 1.996 



V(121)* + (103)* VI3.69 + 0.07 - 1.9f 



0.007 E^,. 



To use the hyperbolic function formulie we must obtain the values 
of sinh VI and cosh VI. 
We have 

sinh VI = sinh (a + 30)1 = sinh al cos 0l + j cosh al sin 01, 
cosh VI = cosh (« + 30)1 = cosh cd cosh 01 + j sinh al sin 01, 
sinh al= sinh 1.308.= 1.714, 
cosha? = cosh 1.308 = 1.985; 
hence, 

sinh 71= 1.714 cos/3Z+jl.985sinO;, 
cosh VI = 1.985 cos ySi +j l!7143iny3Z. 
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By (27) we get 



' 1.985cos<9i+il.7148mj3/ 

The absolute value is 

£. 
Er = ' = 0.58. 

VC1.986)' C08'(3i + (1.714)»sm')9i 

g, (I.714coag; +jl.9858mg0 

• {ai-j(ii){1.985cos^i+jl.7148in^Z} 



' V i (121)' + (103)*i i (1.985)' cosVi + (1.714)' 8in*y9i| 
= 0.007 £,. 
The E^eement in the results obtained by the two methods is 
exact. For this particular case formuliB (24) and (25) are more 
suitable for numerical calculations. 

SHORT IINES 
For short lines, where al is small, we may put <^ = t"*^ = 1 and 
equations (23) reduce to 

7 g, singa . *^' 

Voi* + Oj' cos /9i I 
By equation (14) we have 

^ , , ^ . ('^g + gCu.)' + iaC<^ - gg)' _ a' +g' . 

'^'" + «^' (^npc^i^iji --^+ch?- ^29> 

Introducing the values of a and |3, equation (29) reduces to 

,^ , Je' + lv 
'■' +"■■¥ , ■ + CV' 
If we neglect resistance and leakage we have 

ai'' + asS=-. (30) 



Hence equations (28) become 



E = E S^^, 

' cos ^l 






(31) 
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/ Vc 



The quantity y ^ is called the natural impedance of the line. 



LINE GROUIIDED AT RECEIVHTG END 

Assuming here also that we have a sine e.m.f. of amplitude E^ 
impressed on the line at the generator end, we have the follow- 
ing expression for the current and voltage on the line, consider- 
ing distance from receiving end. 

J _ E, cos»(."-|-€^-)-|-JBin»(.--.^-) . 

E, i cos » Cg" - «"*•) + i sin fs (f ■ + f~)\ 
cosfl! (<■' - •^') -l-J sin(il («■' -I- .-') 

The absolute values of / and E ate 

E 



E / ,'•• + ,-'•■ 



Va, 



is2|3r 



'■" - 2 cos 2 



-2c082(3i I 

The currents at the generator and receiving ends are 



V5, 



I,-- 



2E, 



2c0B2|>i I 
2cos2^{' 



I,_ 2 



'•'-2cos2^! , 



vW+T 



2gos20{ 



(35) 



Developing the same problem by the use of hyperbolic functions 
we obtain the foUowii^ forroulie; 



(di — joi) anh VI' 
Eg sinh Vs 
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The currents at the generator and receiving ends are 



E.coshyi 
(ffli — joj) sinh VI 



' iffi — jOi) sinh VI 
/, " cosh Fi 



(37) 



= sech VI. 



As an illustration we may use the same data as given in the 

problem on page 215. 

(■"'-13.7, r'"-0.m, cos 2 Si- -0.998, 0,-121, 0,-103. 

sinh VI - 1.7HCOS/S! +jl.985sui/>;. 

cosh 7! - 1.985 cos jS!+jl.714Bin/SI. 
By (34) we get 

E, V13.7 + 0.O7- 



I, 



V (121)' +(103)' V13.7 + O.ff? + 1.9i 
2E, 



V(121)! + (103)" V13.7 + 0.07 + 1.996 



. 0.0064 £„ 
. 0.0037 £,. 



Worliing out this example by the use of fonnulse (37) gives iden- 
tical results which can be seen by inspection. 



LTOE SHORT-CmCUTTED AT RECEIVmG ERD 
A sine e.m.f. of maximum amphtude Eg is impressed on one end 
of the line, and the other end is short circuited. Considering 
distance from receiving end, that is, short-circuited end, we have 
the following expressions for the current and voltage distribu- 
tion on the line: 

._ £gjcosj3a(f" + f^') + jsmg3(t"-«^{ 

(oi - JO.) i cos fli («■'-.-') + j sin /i! (e-' + .-0 j ' 
p E,|cos» (f - «-")+ jsin» (."■ + ,-~)i 
cos/Si («"'- «-"')+isinSi («"' + «^') 

The abaolute values of 7 and E are 

- ^B V e'- +«-'" + 2 cos 2 0s 



Voi' + oa' V(."' ■ 
V^.i + ,-■.1 _ 



■'-2cos2Si 
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and for s = I, 

Vai' + Oi* V««-' + 1-'"' - 2 COS 2 /3i 
For a = 0, 





£,V, 


"' + 


.-., 


+ 2c 


os2^; 


Va, 


■ + a.' 


v.- 


' + 
2£, 




-2im2fl 


v., 

0. 


+ 0.' 


V,' 
2 


' + 




-2cos2?i 



7, ^ 

^« ->/*»'"' + (-«-' + 2 cos 2 (3/ 



Developing the same problem by the use of hyperbolic functions 
we obtain the following formulse : 





(ai — j(h) sinh VI 








. = !, 








. = 0, 






E, 



(oi — ^Oa) sinh VI 
B,~0. I 



"coshV! 



= aech VI. 



(47) 



FormulEB (44) to (47) are the exact equivalents of formulse (39) 
to (43) 

POWER TRAITSHISSION 

In the case of power transmission the load conditions at the 
receiving end must be taken into consideration. The problem as 
it frequently presents itself is as follows: Given the voltage and 
current either at generator or receivii^s end, to determine the 
values of voltage and current at the other end of the line. 
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We shall first consider -the case when the voltage and current 
at the receiving end are known. 

Let Et = voltage at receiving end, 

/, = current at receiving end. 

I, = /,' ± jl," (a complex quantity), giving the amplitude of the 
current as well as its phase relation with respect to E,. The 
plus sign is to be used when the current is leadii^ and the minus 
sign when the current is \a^ng. 

Considering the distance s from recdvii^ end, we have the fol- 
lowii^ expresdons for the voltage and current at any point on 
the Ime; 

/ = J \KJ/ =F KJr" + KtErP - KtErq\ 

+ 1 i±KJr" + KJr' + K»Erq + K^rPi, 

E = i lKiE,+ Kt (ajr' ± thir") + it* (otl/ =f Oi/r")! 

+ ^S lKJ!r + Kt (± aJr" - aJr') + Kt (fldr' ± ajr") I 



(48) 



where 



K 


= 


(^■ + 


-" 


cos^a, 




K 


= 


(f- 


-a. 


cos^s, 




K 


= 


(C- + 


-" 


tmfs. 




K 


= 


c^- 


-a. 


sirnSs. 








01 




_ 


at 



(40) 



" ai* + os'' 



oi' + Oa* 



The upper sign before /," in equations (48) is to be used when 
the receiving current is leading the voltage, and the lower sign 
is to be used when the receivii^ current is la^ng. 

To get Ef and Ig, the voltage and current at generator, it is 
necessary only to put s = Hn equations (49). 

If we put equations (48) in the form 

i = r+ji", 

E = E' +jE"; 
the absolute values of / and E are given by 



E''VE'* + E"y\ 



(50) 
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The phase relations between currents and voltages at receiving 
and generator ends are as follows: 

Let ^1 = phase angle between current and voltage at receiving 
end. 
^ = phase ai^e between current at generator end and 

volt^e at receiving end. 
^ = phase angle between voltf^es at generator and re- 
ceiving ends. 



<f>i = tan" 

^ = tan—'-yV 






If the values of the tangents of 0i, ^2 Mid ^ are positive we have 
leading phase angles, and if the values are negative we have 
It^ging phase uigles. 

We have expressions similar to those of (48) to (50) when the 
current and voltage are given at the generator end. Let E, 
denote the voltage at generator end, /, the current (in intensity 
and in phase with respect to Eg) at the generator end, that is, 
/„ = /(,' ± jig". Considering the distance s in this case from 
the generator end we have 

I = hl Kj; T KJ," - K^Egp + KsErff 

+ ^\±KiI," + KJ,'- KtE,q - K^,v\, 

E = \ \KiE, - Ks {aj,' ± oj/') - K, {aj,' T ad<,")\ 



The .values of Ki, Ki, K^, Ki are ^ven by equation (49). The 
double Mgns before /," have the same significance as in equation 
(48). The upper sign is to be used when the generator current is 

leading the generator voltf^e by the angle whose tangent is -j-p 

and the lower ^gn is to be used when the current is lagging. 

Equations (48) to (52) give all the formube needed in work- 
ing out most problems in long-distance power transmission. 
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HTPEBBOLIC PORHULf 

Another set of formute corresponding to those of (48) to (52) 
has been worked out in terms of the hyperbolic functions. 

If the electrical conditions are given at the receiving end, 
considering the distance s from receiving end we have 

I = JrCOBbVs + Er(p+jq)8mhVs, ) ,„■. 

E^Er cosh Vs + 1, (ai - jch) amh Vs. ( ^ ^ 

If Eg and /, are given, that is, the current and volt^e at generator 
end, considering the distance s from generator end we have 

I = la cosh Vs — Eg (p +jq) sinh Vs, i ,^, 

E = Ea cosh 7s - Ig (ai - jOj) sinh Vs. ) ^ ' 

Formula (53) corresponds to formula (48) and formula (51) corre- 
sponds to formula (52), the various terms having the same signifi- 
cance as in the above equations. The terms sinh Vs and cosh Vs 
are complex quantities. They can be put in the form of two 
terms, a real and an imaginary, thus, 

sinh Vs == sinh (a +j0)s = sinh as cos (Ss + j cosh as sin 0s, ) ,-c\ 
cosh Fs = cosh (a + j0) s = cosh «s cos ^s + j smh as sin 0s. ) 
The values of sinh as and cosh as can be obtained from a table 
of exponential functions. 

A short table, Table XX, is also appended at the end of this 
chapter giving directly the values of cosh Vs and sinh Vs. The 
range of values of Fs covered by this table is sufficient for all 
practical problems in power transmission. 

Formula (53) and (54) appear simpler and more compact than 
the corresponding formulae (48) and (52), but the labor involved 
in numerical computation by the hyperbolic foimulse b not any 
less than by the other formula, and there is, therefore, little choice 
in regard to the use of the two different sets of formulie for numeri- 
cal problems. It is desirable, however, to be able to check the 
results by two different methods, so that any possibility of numeri- 
cal errors may be eliminated. 

APNtOZniATE FORMULA FOR SHORT UHES 

If the electrical conditions are given at the receivii^ end. 



- +j<«^»'! + E,!(p+i«)(«+jW«!. 



(56) 
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If the electrical conditions are given at the generator end, 
f-J,Sl + '°'~f''' +ja^«'i-E,!(p+J8)(a+ja»i 



E-SAl-t 



:'(«■ 



(57) 



The above two fonnulie were given by W. E. Miller,* He states 
that they can be used with aa accuracy of 1 per cent for lines 
using No. 2 wire up to 120 miles at 60 cycles and 150 miles at 
25 cycles. Greater accuracy is obtained if larger wires than 
No. 2 are used, though the difference is immaterial. 

nXTJSTRATIONS 
Example. — The followii^ example is taken frorn Mr. Miller's 
paper. We shall work it out by the formula (48) and compare 
the results with those obtained by Mr. Miller by the use of the 
hyperbolic method. 

Three-phase line, 300 miles long usii^ hard-drawn stranded 
copper wire, No. 000 B. & S. triangularly spaced, with wires 10 ft. 
apart. Frequency, 60 cycles. At the receiving end we have the 
following conditions. Line voltage 104 kv. or 60 kv. between wire 
and neutral; load current 100 amperes at receiving end at 90 
per cent power factor laggii^. Then 
E, = 60kv., 

I, = Ir — jlr" = 90 — j 43.5 amperes, 
R = 0.33 ohm per mile, L = 2.13 mh. per mile, 

C = 0.014 mf. per mile, ff = (neglected), 

a = 0.421 X l<y-*, (9 = 2.11 X 10-", 

al = 0.126, (3/ = 0.633 = 36" 16' 5", 

^1 + e— i = 2.016, cos /Si = 0.8062, 

e-i _ (-«i = 0.253, smySZ = 0.5915, 

Ki = 1.625, K, = 0.204, X,= 1.193, ^4 = 0.149, 
Oi = 392, OS = 78, p = 2.44 X lO"', q = 0.485 X I0-». 
Introducu^ these values in equation (48) we get for current and 
voltage at generator end 

/, = 73.94 +J61.65 amp., 
£^, =66.4+j21.04kv. 

* W. E. Miller, Fonnuto, CoDstante aiid Hyperbolic Functioiia for Trans- 
miBtdon Line ProblemB, General Eketrie Review SuppkTnent, May, 1910. 
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The absolute values of current and voltage are 



J, = V(73.94)' + {61.65)«= 96.3 amp. 
E, = V(66.4)» + (21.04)« = 69.6 kv. 

The generator current leads the voltage at the receiving end by 

an angle 

tan-'^i^ = tan-» 0.834 = 39^48'. 

The generator voltage leads the voltage at the receiving end by 
an angle 

^ ,21.04 

*^ 63:36 = 

The current at the generator end leads the generator voltage by 
the angle 

(39''48'-17''36') =22'' 12'. 

The power factor at the generator end is 

cos (22° 12') = 0.926. 
Transmission efficiency, 

60X100X0.9 ^ 
^ 69.6 X 96.3 X 0.926 °°' 

To get ttie value of the charging current put /, = 0, no load current. 
Then /„ = - 2.43 +j 90.3 = 90.3 amperes per wire. 

The values obtained by Mr. Miller for this example using the 
hyperbolic functions are 

/„ = 74.6 + J61.9 amp., E^ = 66.2 +j21.0kv. 

The values differ very sUghtly from the values obtained by 
formula (48) Mid even this slight difference may be accounted for 
by the fact that in using the hyperbolic tables, interpolations are 
required, and apparently Mr. Miller only used first differences. 

It is interesting to obtain the generator current and voltage and 
the different phase aisles foF different load currents. Since we 
have given in detail the numerical work for the case of 100 am- 
peres load current, it will be sufficient to simply tabulate the 
results for other load currents. 
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y+J'V' 

E ,-+jE,"- - 

^%3±V2: 

VEg'^+E/" 

Phase angle, J^E, 
Phase angle, EgE, 
Phase angle, IgE^ 
ij = efficiency of 
tranamisaion 



16.7+J83.I 
53.2+J8.6 
84.8 amp. 
53,8 kv. 
78° 40' 



leading 



59.2 kv. 
64" 18' 

12° 18^ 

leading 

52° leading 



96.3 amp. 

69.6 kv. 
39=48' 
ieading 
17-36' 
leadini 



112.1+J47.: 

75.2+J29,! 
121.7 amp, 
80.7 kv. 
22-54 
leading 
21° Iff 
leading 
1°38' 
leading 



As an illustration of Uie application of formulse (52) and (54) 
we ehall take the following example: 

A three-phase line made up of No. 0000 B. & S. copper-strand 
wire triai^iularly spaced with 10 feet between wires; frequency, 
60 cycles; length of line 200 miles. 

Voltage at generator between wires, 104 kv., between wire and 
neutral, 60 kv. 

/, = 120 amperes at .90 per cent power factor leading. 
■ 7, = 108+ J 52.3, 
E, = 60. 

To determine the volt^e and current at receiving end and the 
various phase angles. 

R = 0.26 ohm per mile. 
L = 2.09 mh. per mile. 
C = 0.0143 mf. per mile, 
a = 0.344, ;8 = 2.10 X 10-». 
pi = 0.420 =24° 3' 50", 
cos /3I = 0.913, sin fil = 0.408, 
t-' 4- 1-" = 2.005, *•' - e-^' = 0.1376, 
Ki = 1.831, K, = 0.126, Ki = 0.818, K, = 0.0561, 
Oi = 396, 02 = 62.5, 
p = 2.47 X 10-*, q = 0.39 X 10-». 

Introducing the above values in equations (52) we get 

7, = 97.64-/11.18 amp., 
J?r- 57.74 -J 18.02 kv. 
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Using formulae (54) for this example, we find from Table XX by 

interpolaUoD 

cosh Yl = cosh (0.0688 + j 0.42) = 0.915 + j 0.028, 
smh VI = sinh (0.0688 +i0.42) = 0.063 +^0.409, 

and usii^ the values of p, q, Oi and Oj as obtained above we get 
7r = 97.6-jll.l9. 
Er = 57.7 -j 17.98. 

The agreement in the values of /„ E, as calculated by the two 
different fonnulEe is very close indeed. 
The absolute values of the current and voltage are 

Ir = V(97.6)^ + (11.2) ' - 98.2 amp., 
Er = V (57.7)* + (18)' = 60.4 kv. 

The current at receivii^ end lags behind voltage at generator 

end by axiele tan-^ ;r-^: = tan~' 0.101 = 5° 46'. 
97. o 

The voltage at receiving end U^ behind voltt^e at generator 

, 18.02 

57.7 " 

Therefore, the current at receiving Mid leads the voltage at 
receiving end by the angle 

17" 20' -5" 46' = 11" 34'. 



120 X 60 X 0.90 



The problem in lon^ distance transmission may also present 
itself in the following form: Given the potential at the generator 
end Mid the impedance at the receiving end, to determine the 
current at the generator end and the potential and current at the 
receiving end. 

Let Eg denote the voltage at the generator end, 

Z denote impedance at the receiving end. 

Distance is considered from receiving end. 
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The values of Ig, E„ and /, are given by the following formulfe: 

E,- 

7, = - 

1. = '- 



EAQ-3h)(.c-l+jd) 
q' + k» 
_ E,{q- jk) (c + 1 +jd) (tti + jOa) ^ 

E,iKi+jK^)(a,+jat)(q-jk) 



(58) 



where 



**' ~?\:' 



c+id = 



Oi-jth- 



g=. Cf"'eo8^ - dt"'8Ui)3i — f'coaffl, 

k = ct"' sin (Si + df' cos )3i + t""' sin ffl, 

Ki = c^' cos /3i - dt"' am $1 + 1"^' cos /3i, 

Ki = c^' sin /3i + de=' cos /9i — e""' sin ffl. 

In terms of hyperbolic functions we obtain the following set of 
f ormulse for this problem : 



ZosinhVi + ZcoshFi 
„ _ E,\Zt, smh Vs + Z cosh Vs) 
ZosmhFi + ZcoshFi ' 



where Za has been put for brevity in place of ai — joj. 

For / and E at the receivuy; end, we put s = in formulae (60), 

and we get 



Z.sinhFi + ZcoshFi 
E.Z 



' ZosinhVi + ZooshK! 
At the generator end, s = Z, we have 



(61) 



ZosinhW + ZcoshFi 
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Let Z = 540 + J 261, ^(540)* + {261)» = 600, 
and let us take for the line constants the same as those gjiven in 
the example on page 223. 

R = 0.33 ohm per mile, 
L » 2.13 mh. per mile, 
C = 0.014 mf. per mile, 

j, = 0, i = 300 miles, w-2tX60, E, = 60 kv., 
ai = 0.126, ^( = 0.633, 

<"' = 1.134, e-" = 0.882, cos pi = 0.806, sin (3l =■ 0.5915, 
Ox = 392, oj = 78, 
I fj 392-i78+540+j261 
•^ +J^ - 392 - ;78 - 540 - j261 ^'^^ +-'2-ll. 

9 =-3.46, A = 1.47, X, = -2.04, Kj = 0.43, 
5* + A' = 14.13, (fli* + OS*) (g' + A») = 2,257,240. 
Introducing these values in fonuulse (58) we get 

^_ E. (-3.46 - j ^^7)^(-2-^S +J211) . E. (0.82 - ,0.26) 
- 49.2 - ;■ 15.6 kv. 
The absolute value of E, is V(49.2)» + (15.6)* = 51.6 kv. 
The voltage at receiving end lags behind the generator voltage by 
the angle 

'"" '493 " 

, E,(-3.46 - jl.47) (-0.46 + j2.ll) (892 +j78) 
2,257,240 
. B, (1.043 -i0.987) _„„^ .mi.™ 

looo ~ ^■' 

absolute value = V (62.6)' + (59.5)= = 86.4 amp. 

The current at receiving end lags behind the generator voltage 

by the angle 

tan-' SI - '">"' 0-934 - 43° 3'. 
02.0 

. E. (-2.04 + jO.43) (392 + j78) (-3.46 - jl.47) 

' 2,257,240 

. B. (1.28 +,-0.528) ., ^,^-3,,^^^ 

absolute value - V(76.8)'+ (31.7)' - 83.1 amp. 
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The current at the generator end leads the generator volt^e by 
the angle 

, ,31.68 

tan •- 

The current at the receiving end lags behind the voltage at the 
receiving end by the angle 

43" 3' - 17" 36' = 24" 27'. 

At the generator end the power factor is cos (22° 27') = 0.924 and 
at the receivii^ end the power factor is cos (24° 27') = 0.910. 

Efficiency of transmission, 

51.6 X 86.4 X 0.910 ^^ 
"^ = 60X83.1X0.924 = ^^ P^^ '^°*- 

Working out the same problem by the hyperbolic formula we get 
cosll VI = cosh ial +jffl) = cosh (0.126 +j"0.633) 
Binh VI - smh («i +jfl) - einh (0.126 +j0.633). 

From Table XX we find 

cosh (0.12 +j 0.64) - 0.808 +j 0.072, 
cosh (012+^0.62) - 0.820 +j 0.070, 
cosh (0.14 +J0.64) =0.810+ J 0.083, 
cosh (0.14 +J0.62) - 0.822 +i 0.081. 

Therefore, 

cosh (0.12 + jO.633) = 0812 + j0.ff72, 
cosh (0.14 + jO.633) - 0814 +j 0.082, 

and cosh (0.126+j0.633)= 0812 +j0.ff75. 

In a similar way we obtain from the same table by interpola- 
tion 

sinh (0.120 +J0.633) - 0.102 +i0.597, 
Z, -o,-j(i,-392-j78, Z-540+J261, £, - 60 kv. 

Introducing the above values in equations (61) and (62) we get 

60,000 

' (392 - j78)(0.102 + j0.597)+(540+j261)(a812+j0,075) 
60,000 



" 505.4 +i478.5 
60,000(505.4 -j 478.5) 
484,391 



9.3 amp. 
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E,{o.812 +j0.m + ^9°2t''/78' (0102 + jO.597) j 
'• " (392-j78)(0.102 + iO.597)+(54O+j261)(0.812 + j0.O75) 
g,|0.812 + jO.075 +(1.198 +J0.904)(Q.102 + ja597)[ 
" (392 - j 78)(0.102 + j 0.597) + (S40 + j 261) (0812 + j 0075) 
60,000 (0.394 +,0.882) ..,,,...„„„_ 

505.4 +,-478.5 ™' +J^'-* ""J"- 

„ B,(540+j261) .„, .„., 
^'-^0+j478T- ^'-2 -■'''•"''• 

The results obtained by the two different seta of formulce are m 
exact agreement. 



In Chapter V we gave a brief discussion of transient electrical 
pheBomena. We have shown that if the circuit conditions are 
disturbed in tiny way the current and potential do not pass over 
instantly from one permanent value to another; it always re- 
quires a certain time interval before the current and potential 
reach their steady values again. During the transition period the 
current and potential may be considered as consistii^ of two 
components, one of which corresponds to the permanent value, 
and the other the transient term which disappears more or less 
rapidly. 

In the formula given in Chapter V we have considered only 
circuits of localized inductance and capacity, so that the spa^e 
element does not enter into the formulae. We were concerned 
only with the time element, the time rate at which the tran^ent 
term disappears. 

In problems, however, connected with long-distance transmis* 
sion lines, the distributed character of the inductance, capacity 
and resistance must be taken into consideration. If, for instance, 
an e.m.f. is impressed on a ioi^ line, every element of the line 
is not charged to the same potential at the same instant. It 
requires a certain length of time before the entire line is com- 
pletely chained, and during that interval the charge and poten- 
tial differ for different points on the line. In the discussion, 
therefore, of transient phenomena on lines we must deal with two 
variables, distance and time. 
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It is to be regretted that the fonnuke for transient phenomena 
on transmission Unes cannot be presented in the same manner as 
those given in other chapters. The formulae are generally 
very long and involved, and if the bare formuUe are given leaving 
out the derivation and the complete discussion of the physical 
significance of the various factors, their usefulnesss is greatly 
reduced. The foraiulie for transient phenomena occurrii^ on a 
transmission line have their greatest value in enabling us to get a 
proper appreciation of the phenomena occurring on the Une irre- 
spective of magnitude. 

It waa thought advisable, therefore, not to attempt to cover 
thoroughly this branch of the subject, but to give only a few 
fonnuliE for the cases of most common occurence. Those inter- 
ested in the subject can refer to Professor Steinmetz's book 
"Transient Electric Phenomena and Oscillations" where the 
whole subject is discussed in a masterly manner. 



Assume the inductance of the line negl^ble as in the case of 
transatlantic cables. 

Suppose the cable is open at receiving end, and a constant con- 
tinuous e.m.f. E is suddenly applied at the sendii^ end. A 
charging current commences to flow in the cable and propagates 
itself from point to point on the cable until the whole cable is 
charged to the impressed potential E. Durmg the charging period 
the current and potential vary at different points on the cable, 
so that the current and potential are functions of the time and the 
distance. 

Let r = resistance per unit length, 
C = capacity per unit lei^th, 
I = length of cable, 
E = impressed e.m.f, 

a = distance from sending end to any point on the 
cable. 

The potential at any point on the cable distant a from sending 
end may be put in the form, 

e = E + e„ (63) 
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where 

I 





^l 




^- 


The current 








. 2£ 


\'- 


^•■^"-(il) 






+ 


-?-e„.(^ 


f)- 


If we put 




Ir = ri total 


eaistano 



iC = Ci total capacity, 

then, neglecting upper harmonics, formulse (64) and (65) become 
approximately. 



4B -j^i . /, s\ 



At the end of the line (s = I), the potential is x per cent less than 
the maximum at the time T, given by 



(67) 



As an illustration we may take the cable between Ireland and 
Newfoundland which is 2640 km. loi^. The total resistance n = 
6000 ohms, Ci = 40 mf. 

The problem is to determine the time required before e reaches 
the value 0.95 E. 



We have 




e. 


-0.05B, 1-6, 




V T, . 


4r.C 


>*l? 


4X6000X40X10-", 80 
- ^ ^,"'"' X 3.27 - 0.31 second 
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The time required for the potential to attain 99 per cent of its 
normal value is 

_4X60Q0X40XHH, 400 _ 



r. = - 



-log,- 



= 0.499 second. 



As another illustration let us detennine the value of the potential 
and current for points 100 km., 1000 km. and 2000 km. distant 
at the time t = 0.1 sec. Neglecting the upper harmonics and 
using formula (66) we have 

t' 9.87 



4rA 4 X 6000 X 40 X lO-* 



= 10.28. 
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0.2 OJ D.t 0.G , a^e 0.7 0.8 0.S 

Fia. 6S. — Rise in voltage in a transatlantic cable. 
For 
8 = 100 km., sin (^ -l) = sin (0.06) = 0.06, cob (0.06) = 0.998, 

8 = 1000 km., sin(^ t) = ^ (0.60) = 0.56, cos (0.60) = 0.825, 
a = 2000km., 8in(| -i) = sin (1.2) = 0.93, cos (1.2) = 0.362. 
Introducing these values in formula (66) we get, 





. 




100 km. 
1000 km. 
2000 km. 


0.973 E 
0,745 £ 
0.544B 


0.714 / 
0.591 I 
0.259/ 
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where 



/ = f 



In Fig. 68 a set of curves is given ahowii^ the rise of potoi- 
tial over tlie entire lei^h of the cable. 

In Fig. 69 curves are given for the current as a function of the 
time for the points on the cable 



= 0.25 1, 



= 0.51, 



= 0.751. 
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Fia. 69. — Cuireat distnbution o: 



ft cable on sudden charging. 



A CHARGED CABLE HAVING A CONSTANT E.M.F. APPLIED BE- 
TWEEN ONE END OF THE CABLE AND GROUND AND SUD- • 
DEHLY GROUNDED AT THE OTHER END 

The permanent values of the potential and current at any point 
on the line distant s from the point where the e.m.f. is applied are 



-l> 



The values of the transient terms of potential and current at any 
point on the line are ^ven by the following formuke: 
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+ lr^'»in(5p)_...|, 

2E( —• /n\ -,^' /2i 

+ M'om(^) j- 

For the current at the end of the cable we may combine tiie 
second equations of (68) and (69) and put them in the following 
form: 



Jl - 



(70) 



which gives the arrival curve of the current at the receiving end. 
The series given by equation (70) is very slowly convei^ent for 
small values of t, and makes the calculations very laborious. 
Equation (70) may be put in another form which gives a 
rapidly convergent series for small values of t. The equivalent 
of formula (70) is 



(71) 






'■"'' A 



As an illustration we talie the same data as given in tlie exam- 
ple given on page 232. 

n = 6000 ohms, 

C, - 40 mf., ! - 2640 km. 
For t = 0.001 second, we have 



riC, 



I - 0.041. 



/ - - SI - 2<-»"'cosi - 2.- 



-- II + 1.92 -1.7 + 1.38- ■ 



It requires a very large numljer of terms to obtain the value 
oil. 
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By formula (71) we have 

Cin ^ 40 X 10-' X 6000 _ f^ 
it 4X10-* 



which shows that for the time t = 0.001 sec. the cmrent at the 
receivii^ end is negligible. 

If the cable is grounded all the time at one end and a coDBtant 
€.m.f. is applied at the other end the permanent values of the 
potential and current as before will be 



E..E{l-i} 



E 



(72) 



The transient terms for the potential and current are given by the 
formulae 



^— f-?)+- 



,s(-) + r^'eos(^)4 



(73) 



We have shown in Chapter V that in a circuit containing 
inductance and capacity, the transient possesses an oscillatory 
character, unless the resistance exceeds a certain critical value 
dependii^ on the inductance and capacity of the circuit. In 
circuits of distributed inductance and capacity, the transient is, in 
general, oscillatory. The dischai^e of an accumulated chaise of 
atmospheric electricity on a line, a sudden change in load, an 
arcii^ ground, or a break in the circuit will set up electric oscil- 
lations on the line. Owing to the mductance and capacity of the 
system a flow of current stores up magnetic and dielectric energy 
in the system. A sudden change in circuit condition, grounding 
the line or a break in circuit, for instance, releases the energy 
stored in the system and it oscillates back and forth until the 
entire energy is dissipated by the resistance and leakage of the 
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Since the maximum magnetic energy must equal tlie maximum 
dielectric eneigy, we have 






Zo = 



yo 



(74) 



(75) 



The quantity Zo is called the natural or surge impedance, and yo 
is the natural or surge admittance. 

In the case of circuits of laige inductance and small capacity 
even moderate currents may cause a dangerous rise in volti^ by 
a sudden change in circuit condition. 

The general expressions for the oscillating current and voltage 
are as follows: 

/ = (-«"2j(PnC087»s + Q„8Ui7„s)iA„cos^,^ + B„sinj3„(t,] 

E =y~r^''^{P„siny„s+Q„tiosy„s)\A„sinfiJ+B^cosUi-\ 



The values of the constants 7„, ^„, A^, B„ P„ and Q„ depend 
the terminal conditions, and 

" 2U w 

We shall now consider a few specific cases. 



(77) 



UHE OROimDED AT OHE END AlfD OPEN AT THE OTHER END 
The terminal conditions are 

E = when s = 0, and 7 = when a = i. 
I is the length of the line. 

To satisfy these conditions we must have 

Q, = and T.-i = ^^~=-^ 
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and equationB (76) reduce to 
(2n-l)TS 



/=.-.. 2 « 



\/i-2". 



(2n- 



jA„coa|8.f 
1)t8 



iAnBm0J-B,coafi^i. 



■W'- 



(2n- !)■; 



2i'LC -"■ ™ 

If we neglect a' under the radical, as it is generally small com- 
pared with the term j^YJi > ^'^d also put IL = Lt and K7 = Co, so 

that La and Co represent the total mductance and capacity of 
the line, we get 

/3n ia the frequency constant of the Ime. - 

The fundamental frequency of the oscillations on the line is 
given by 

/ = A = '^ = 1 /gll 

^ 2x i-^y/L^o 4Vi„Co' ^ ' 

We may therefore write 

A,=2x(2n-1)/,. (82) 

Equations (78) may now be written in the followii^ form : 



/ = 



5 cos 2 l'^ ^' COB |2t (2n - l)/it - ^^t, 
;^."2;"sin^^5.=^^i)„8in{2T(2n-l)/ii-«„t. 



The current and potential on the line are complex waves con- 
sisting of fundamental waves and odd harmonics. For the funda- 
meatal wave the current is zero at the open end of the line 
(s = I) and gradually increases to its maximum value at the 
grounded end of the line. The potential is zero at the grounded 
end of the line (a = 0) and gradually increases to its maximum 
value at the open end of the line (s = I). 

The wave length of this, the fundamental oscillation, is four 
times the length of the line. 
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The values of the constants D„ and ^n depend upon the initial 
conditions, and have to be evaluated independently for each par- 
ticular problem. In general the constants are determined in the 
usual manner of evaluatu^ a Fourier Series. We may best indi- 
cate the process by the following illustration: Let the line be 
charged to a uniform potential Ea but with no current in the line 
before the discharge. The line is then grounded at one end 8 = 
while open at the other end s = I. We have then for i = 0, / = 
for all values of a and for 

( = 0, E = Eo for all values of s. 

From ei^uation (78) it is evident that to satisfy the first condition 
we must have An = 0, and to satisfy the second condition we 
must have 

7? ./^ Tv'd ■ (27i-l)irs 

The values of £« can now be detennined in the usual way of 
evaluating the constants of a Fourier Series, that is, by multiply- 
ing both sides of the equation by sin ^^ =-p^ — and integrating 

between the limits and 2 1.* We shall then get for the value of 
the constant 



2n-l),VL 
IB. 



"• (2n-l), 
Introducing the value of B„ in equation (78) we finally get 



E = ~ — -«~"' Jsin^-jCOswif-l-ssin-^cosSW + • - 
where U] = 2 irfi. 

USE GROUIfDED AT BOTH ENDS 
Equations (76), being perfectly general, also apply in this case, 
but the constants 7. and f3. aje different from those discussed in 
the preceding section. 

• See Byerley, Fourier Serieo. 
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We have in this case the potential zero at both ends of the line, 
that is, B = for 8 = 0, and E = fat a = I To-satisfy these 
conditions we must have Qn = and yj will have to be a multiple 

of 1-, that is 

7^ = 71^, 7.-y' (86) 

■ ; 1 neglecting a' compared with j-yr- 

The fundamental frequency of the oscillations is given by 

f 1 /o,^ 



Equations (76) may now be written for this case in the following 
form; 

^^V^*~'"'X ^■.Bin^ain(2Tn/,(-^.), 

/ = c—' 2) ^'' <=os ^cos (2imfit - ^„). 

The fundamental oscillation of the current has its maximum 
values at either end of the line but in opposite directions; and it 
has zero value at the middle of the line. The fundamental oscil- 
lation of the voltage has its maximum value at the middle of the 
line and is zero at both ends of the line. The fundamental wave 
length is half the length of the line. The oscillations contain all 
the harmonics even and odd. 

UNE OPEN AT BOTH ENDS 

In this case we also make use of equations (76) as the general 
solution, but t^e terminal conditions for this problem are 

/ = when 5 = and b = I. 
These conditions are satisfied by equations (76) if we put 

P, = and yj = ht or y^ = ^. (89) 
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The value of fi^ 13 the same as in the previous case, 

„ _ nr _ nr 
~ I VW ~ VLdCl 

The fundamental frequency of the oscillation is 



latroducing the above v^ues, equations (76) assumes the form : 

I = t~°' 2) -On sia -r-cos {2mfit — ipn), 

B=-\/^^'X P»cos^%inC2«^rf-0O. 

For the fundamental frequency the current is zero at both ends 
of the line and has its maximum value at the middle of the line. 
The potential has its maximum value at either end of the line 
but of oppoMte signs, and its value is zero at the middle of the 
line. The fundamental wave length is equal to half the length of 
the line. The oscillations on the line is of a complex form con- 
t^nii^ a fundamental wave and all of its harmonica, even as well 
as the odd ones. 



CmCOIT CLOSED tPOH ITSELF 
The terminal conditions for this case are Iq = It and Eo = Ei, 
that is, the current and potential have the same values for the 
points 8 = and s = I. 

Both these conditions are satisfied if we put in equations(76), 
which is the general solution, 

_2nv 
I 
_ 2 m ^ 2nr 

' iVlc Vl^^' 



T J = 2 na- and yn = —f~' 



and hence, 



The fundamental frequency of the oscillations is 



(91) 
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Equations (76), in their application to this case, take the 
forms 



/ - t^' 2^ jP»co8— y — l-Q-sin— j—J 
{An COB 2 mfii + B„ sin 2 imU j , 

^ = Vc'^'Zj^-«^-r+e.cos-^j 

lj4„Bin2Tw/,i - B, co82Tn/ii!; 
r we may write the above equations in the followii^ form : 
2ims 



(93) 



/-.-"2d.C( 



- cos (2 Tn/i( — ^„) 



E - y^>-" jf ft.»in^siii(2mAl - 0.) 



-mi {2 raj it — 0„). 



(94) 



For the fundamental frequency of the oscillations equations (94) 
reduce to 



£ . y/^,-..S C, sin^sin (e,l-4,) +FiCos?psin (^,1 -*,) |. 



(95) 
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CHAPTER VII 

MATHEMATICAL FORMtlL^ 

EXPONENTIAL AND LOGARITHMIC FORMOLf 



■'+'+2-1+3! + 



" 'T-B-T 21 


'»='+--i;-f+a 


= cosa;+ jsina:. 


e-*" = cosz -jsinx. 


f'' + *-" = 2 cos X. 


("-t-i' = 2jsinx. 


e = cosh X + sinh x. 


t-' = cosh X — sinh x. 


ffl'+i' = a'a". 



If X = a", then u = \ogaX. 
If X = t", then M = log,x. 
'log(x!/) = log a; + logy. 

log(^j = log a: -logy. 

logCx") = niogx. 

iogU";= - logx. 

logins' = log. Xlogioe. 
log. X = logioi X log, 10. 
Iog„ ( = 0.434294. 
1(^ 10 = 2.302585. 
logut X log. 10 = 1. 
t = 2.718282. 
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log(l +x) = X ~ ix* + ix* ~ ix' + ■ • • [x»<ll. 

TRIGONOMETKIC FORMDL£ 

aii{x dijf) = Bin X cos y ± cos xsiny. 

COS (i ± y) = COS X COS if =F sin X Bin ^. 

, , , , tan id: tony 

tan (x ± u) = z-^r— — -^ ■ 

" l=T=tanxtany 

. , , , ctnxctnyTl 

ctn (x ± y) = —7 —^7 

" ctnx ± ctny 

sin X it sin y = 2 sin J (^ ± 1/) cos J (x T J/), 
cosx + cosy = 2coBiK^ + l/)cosi(^ - y)- 
COS X — COS y = — 2 sin J (x + J/) sin J (x — J/). 
, . , sin (x ± «) 

cos X ■ cos {/ 

- i , . ± sin (x ± «) 

ctnx ± etna = — : — ^ — —• 
Bin X ■ sin 2/ 



COBa! = J(e" + e-*0- 
.eW-1 

AcoBX± ^sinx = VST+B* cos (x T^), 

where tan = 't " 

Adnx±£co9x = ^4* + B=sin(x ±0), 

where tan^ = -j' 

sin* X ~ sin' y = &.n{x-\-y) sin (x — j/). 

cos'x — cos*y = — sin (x + y) sin (x — y). 

cos'x — sin' y = cos (x + 1/) cos (x — j/). 

cos* X — sin' X = COB 2 x = 1—2 sin' x = 2 cos' x — 1. 

Bin2x= 2sinxcosx. 

(cos X ± J sin x)" = cos nx±j sin nx. 
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W±t. 


180* ±1. 


270-.,. 


M0"±». 




+ooaj 
—tan I 
-ctn I 
+secj 


Tctni 
=Ftani 

Tcsci 
+Beci 


Tsinz 

±ttuiz 
ictni 

Tcact 


Tctnj 
=Ftani 

±C8CZ 

-sec I 


±emx 

H-COB* 

itani 
ictni 
+eecj 
±cacx 




ctn 





sinh {x + y) ^ 
sinh {x ~ y) ■■ 
cosh (x + y) 
cosh (x — y) 

tanh (a: + y) 

tanh (x — y) 

cosh* a; — blqI 

1 — tanh* a: = 

1 — ctnh'z = 

A siuhx 



HYPERBOUC FORHDUe 
= sinh X cosh y + cosh x sinh y. 
= sinh a; cosh y — cosh a; amh y. 
= cosh a: cosh y + sinh ar sinh y. 
= cosh x cosh y — smh x Binh y. 
_ tanh X + tanh y 

1 + tanh X tanh y 

tauhx — tanh y 

1 — tanh X tanh 1/ 
li»x = l. 
= sech* X. 

= CBCh* X. 

± if cosh X- VA' — B*8inh(x±^), 
B 



A cosh X ± £ sinh 



t.Knh ifi = 



tanhx = 

8inlix + 
sinhx — 
coshx + 
coshx — 
coshx + 



= — tanh ( 



— sinh {— x) = — j sin (jx). 
cosh (— x) = cos {jx). 



■X). 



shah y = 2 sinh i (x + y) cosh J (x — y). 
sinh y = 2 cosh \{x-\~y) sinh J (x — y). 
cosh y = 2 cosh J (x + j/) cosh ^{x — y). 
cosh y = 2 sinh \{x-{-y) sinh Hx — j/). 
sinh X = f". 
sinh X = «-'. 



= 1 + 



ar 4r 
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'^'■"'+51 + 51+ ■•■• 

cosh (a: + jy) = cosh x cos y+j sinh x sin y. 

s\Dh(x-i-jy) = sinhxcosy +jcoshi8iny. 
cosh {x ±jy) = cos {y ^jx). 
sinh {x ± jy) = ± j sin (y T jx). 
sin (a; ± jy) = ± sinh (y T jx). 
cos (a: ±jy) = cosh (y =Fia:). 

COMPLEX QUANTITIES 
Any function of a complex quantity can be put in the fol- 
lowing fonn: 

Addition: 

ia+jb) + {e+jd)=A+jB, 
A=a + e, B = b + d. 
Subtraction : 

(.a+3^)-ic + jd)=A+jB, 
A=a-c, B = b-d. 
Multiplication: 

{a+3b){f:+3d)=A+3B, 
A = ac — bd, B = be-\-ad. 
Division: 

a+jb ^ 
c + Jfi 
I _ ac-\-hd „_ be — ad 
~ c' + d" c'+d*' 

y/oTTh =A+jB, 



^ = ^- 
Logarithm: 

log (a +jb) =A+jB, 
A - J log (o' + 6'), B - tan-' -■ 
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Exponential: 

oe^"* = A +jB, 
A = a** cos d, S = oe" sin d, 

ae^« = A +jB, 
A = at' cos d, B =— cW sin d, 
A^ + B^ = aUK 
p^A X ge^''* - pge-+=+/(M^ = A +jB, 
A = pge"+'eos(6 + d), 
B = pg^^sia(b + d). 



B=i^t«^sin(&-d). 



:-T|f«+^^=^+^'^- 



. _ gee — bfc + g/rf + efcd „ _ Qc/ + efec — gerf + bfd 
^ = a+j6 = r(co8/3+jsinj3). 



(« + j!>)- = r-!coa^ +j8iiifl)-| = rV. 
Va+]b= r^e". 
Roota of unity: 

■W-+1, -1, 

1 + JV3 -1 -jVs 



^r-+i: 

^ = + 1, -1, +i, -J, 

vl-+l, -1, +J, 



. +i±i^ +i-j , -1+j; -1-j , 

VZ ^2 V2 v^ 



•Ca = co8— +JBin^-e - (4-0, 1,2, . . . r. - 1). 
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MISCELUUtBOUS FORMULA 
(a + &)• - a- + TO— 6 + " '"^~ " n— 6' + ■ • ■ 



(«-t)I*ir 



[)>■ < a']. 



21 * = 31 

[i= < 1]. 



21 ^ 31 

[»' < II- 



(1 ^ ^4 ,^1 I-l .^l-l-3j 1-1-3-5 ,^ 



[«■<!]• 



(1, ^-l I-,-! j_l-3 ,-^l'3'5 , . l'3.5-7 ., 
» ±''^ - 1 =F2' + 2T4'"=p2T4li»^" + 2T4T6T8^ =" 



3 3-6 3-8-9 3-6-9-12 

\x' < 1]. 



3 ^3-6 ^3-6-9 ^3-6-9-12 ^ 



MISCELLAllBOns FURCTIONS 

X* 3? X" 

''*> "'~25Ti"+2'-4'.6".8'~2".4"-6'-8'-10'-12'"'' 



'"W 21 2'-4'-6''''2'-4'-6"-8'-10'' 



dx 2'.4^2>.4>.6' 

a-{x) -I—. 



2".4'.6"-8".I0 
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For X > 6 we have the follawing approximate expressions. 
ber (x) = ^ 1 



bail)- -=. 
V2ira: 
where 

a - 0.707105 1 + 0.0884 jr' - 0.046 jr», 

^ - 0.707105 X - 0.39270 - 0.0884 xr' - 0.0625 x-' - 0.046i-'. 

raTEBPOLATlON FORMTTLA 



1.2 -"'^-'T- 1.2.3 



AJ{x).AJlz + l)-^Jix). 
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TABLE XXI 



1 


0,000000000 


36 


3,583518938 


71 


4.262679877 


2 


0.S93147181 


37 


3.610917913 


72 


4,276666119 


3 


1,098612289 




3,637586160 


73 


4.290459441 


4 


1,386294361 


39 


3.663561646 


74 


4.3CH065093 


5 


1,609437912 


40 


3,688879464 


76 


4,317488114 


6 


1,791769469 


41 


3,713572067 


76 


4.330733340 


7 


1,945910149 


42 


3.737669618 


77 


4,343805422 


8 


2,079441542 


43 


3,761200116 


78 


4.356708827 


9 


2,197224577 


44 


3.784189634 


79 


4,369447852 


10 


2,302585093 


45 


3,806662490 


80 


4,382026635 


11 


2.397896273 


46 


3,828641396 


81 


4,394339155 


12 


2,484906650 


47 


3,850147602 


82 


4,406719247 


13 


2,564949357 


48 


3,871201011 


83 


4.418840608 


14 


2,639057330 


49 


3,89182(098 


84 


4.430816799 


15 


2,708050201 


50 


3.912023005 


86 


4.442651256 


16 


2.772588722 


51 


3.931825633 


86 


4.454347296 


17 


2,833213344 


52 


3.951243719 


87 


4.466908119 


18 


2.890371758 


53 


3.970291914 


88 


4.477336814 


19 


2.944438979 


54 


3.988984047 


89 


4,488636370 


20 


2.995732274 


55 


4.007333185 


90 


4.499809670 


21 


3.044522438 


56 


4.025351691 


91 


4,510859507 


22 


3,091042453 


57 


4,043051268 


92 


4,621788577 




3.135494216 


58 


4.060443011 




4,532599493 


34 


3,178053830 


59 


4,077537444 


94 


4,543294782 


25 


3,218875825 


60 


4,094344562 


95 


4,553876892 


26 


3.258096538 


61 


4.110873864 


96 


4.564348191 


27 


3.296836866 


62 


4,127134385 


97 


4,674710979 


28 


3.332204510 


63 


4,143134726 


98 


4,584967479 


29 


3.367295830 


64 


4.I588830S3 


99 


4.695119850 


30 


3.40U97382 


66 


4.174387270 


100 


4.605170186 


31 


3.433987204 


66 


4.1896547^ 






32 


3,465735903 


67 


4,204692619 








3.496507561 


68 


4.219507705 






34 


3,526360625 


69 


4,234106505 






35 


3.556348061 


70 


4.2484962^ 
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FORMULAE AND TABLES FOR THE 



TABLE XXII 
Exponential and Htpbbbouc Functions 



« 


«■ 


•- 


Coahi 


Bi^, 


' 


>• t-- 


C«hi 


Sinhi 


0.00 


1.00000 


1.00000 


1.00000 


0.00000 


0.50 


1.64872 0.60653 


1.12763 


0. 52110 


0.01 


1.01005 


0.99005 


1.00005 


0.01000 


0.51 


1.66529 0.60050 


1.13289 


0.53240 


0.02 


1.02021,0.98020 


1.00020 


0,02000 


0.52 


1.68203 0.59452 


1.13827 


0.54375 


0.03 


1.03045 


0. 97045 


1.00045 


0.03000 


0.53 


1.69893 -68860 


1.14377 


0,55516 


0.04 


1.04081 


0. 96080 


1.00080,0.04001 


0.54 


1.716010-58275 


1.14938 


0,56663 


0.05 


1.05127 


0.96123 


1. 00125 0.05002 


0.55 


1.73325 0.57695 


1.16510 


0.57815 


0.06 


1.06184 


0,94177 


1.00180 0.06004 


0.56 


1.750670.57121 


1.16094 


0.68973 


0.07 


1.07251 




1.00245 


0.07006 


0.67 


1.76827 0.56553 


1.16690 


0.60137 


0.08 


1.08329 


0:92312 


1.00320 


0.08009 


0.68 


1.78604 0.55990 


1.17297 


0.61307 


0.09 


1.09417 


0,91393 


1.00405 


0.09012 


0.59 


1.80399 0.55433 


1.17916 


0.62483 


0.10 


1.10517 


0.90484 


1.00500 


0. 10017 


0.60 


1.82212 0.54881 


1.18547 


0.63666 


0.11 


1.11628 


0.89583 


1.00606 


0.11022 


0.61 


1.84043 0.54335 


1.19189 


0.64854 


0,12 


1.12750 


0.88692 


1,00721 


0.12029 


0.62 


1.85893 0.63794 


1.19844 


0.66049 


0.13 


1.13883 


0-87810 


1.00846 


0.13037 


0.63 


1.877610.53259 


1.20510 


0.67251 


0.14 


1.15027 




1.0O982 


0.14046 


0.64 


1.89648 0.52729 


1.21189 


0.68459 


0.15 


1.16183 


0.86071 


1.01127 


0.15056 


0.65 


1.915540,52205 


1.21879 


0.69675 


0,16 


1,17351 


0.85214 


1.01283 


0.16068 


0.66 


1.934790.51685 


1.22582 


0.70897 


0.17 


1.18530 


0.84366 


1.01448 


0.17082 


0.67 


1.954240.51171 


1.23297 


0.72126 


0.18 


1.19722 


0.83527 


1.01624 


0.18097 


0.68 


1.973880.50662,1.24025 


0.73363 


0.19 


1.20925 


0.82696 


1.01810 


0.19115 


0.69 


1.993720.501581.24765 


0.74607 


0.20 


1.22140 


0.81873 


1.02007 


0.20134 


0.70 


2.01375'o. 496591.26517 


0.75868 


0.21 


1.23368 


0.81058 


1.02213 


0.21555 


0.71 


2.03399;0.49164;1.26282 


0.77117 


0.22 


1.24608 


0.80252 


1-02430 


0.22178 


0.72 


2.054430. 48675ll. 27059 


0.78384 


0.23 


1.25860 


0.79453 


1.02657 


0.23203 


0.73 


2.075080.48191!!. 27850 


0.79659 


0.24 


1.27125 


0.78663 


1.02894 


0.24231 


0.74 


2.09594|0.47711 


1.28652 


0.80941 


0.25 


1,28403 


0.77880 


1.03141 


0.26261 


0-75 


2.II7O0I0. 47237 


1.29468 


0.82232 


0.26 


1.29693 


0-77105 


1.03399 


0.26294 


0.76 


2.13828,0.46767 




0.83530 


0.27 


1.30996 


0.76338 


1.03667 


0.27329 


0.77 


2.16977 0,46301 


1.31139 


0.84838 




1.32313 


0.76678 


1.03946 


0,28367 


0.78 


2-18147'0.45841 


1,31994 


0.86153 


0^29 


1.33643 


0.74826J1 .04235 


0.29408 


0. 70:2. 2O34O!0. 45384 


1.32862 


0.87478 


0.30 


1.34986 


0.74082 1.04534 


0.30452 


0.802.22554 
0, 81 !2. 24791 


0.44933 


1.33743 


0.88811 


0.31 


1.36343 


0.73345 


1.04844 


0,31499 


0,44486 


1.34638 


0-90162 


0.32 


1.37713 


0.72615 


1.05164 


0.32549 


0.822.27050 


0. 44043 


1.35547 


0.91503 


0.33 


1.39097 


0.71802 


1.05495 


0.33602 


0.832,29332 


0,43605 


1.36468 


0.92863 


0.34 


1.40495 


0.71177 


1,05836 


0.34659 


0. 84,2.31637 


0.43171 


1.37404 


0.94233 


0.35 


1.41907 


0,70469 


1.06188 


0-35719 


0.85]2- 33965 


0.427411.38353 


0.95612 


0.36 


1.43333 


0.69768 


1.06550,0.36783 


0.86!2. 36316 


0.42316 1.39316 


0.97000 


0.37 


1.44773 


0.69073 


1.06923 0.37850 


0.87 


2.38691 


0,41895,1.40293 


0.98398 


0.38 


1.46228 


0.68386 


1.07307 


0.38921 


0.88 


2.41090 


0-41478 


1.41284 


0.99806 


0.39 


1.47698 


0.67706 


1.07702 


0.39996 


0.89 


2.43513 


0.41066 




1.01224 


0.40 


1.4S182 


0.67032 


1.08107 


0.41075 


0.90 


2.45960 


0.40667 


1.43309 


1.02652 


0.41 


1.50682 


0.66365 


1.08523 


0.42158 


0.91 


2.48432 


0.40252 




I.0409C 


0.42 


1.52196 


0.65705 


1.08950 


0.43246 


0.92 


2.50929 


0.39852 


1,45390 


1.05539 


0.43 


1.53726 


0,6505i 


1.09388 


0.44337 




2.53451 


0.39465 


1.46453 


1.06998 


0.44 


1.55271 


0.64404 


1.09837 


0.45434 


0.9'. 


2.. 55998 


0.39063,1.47530 


1.08468 


0.45 


1.56831 


0.63763 


I. 10297 


0,46634 


0.95 


2.58571 


0.38674'l. 48623 


1.09948 


0.46il. 58407 


0.63128 


1.107680.47640 


0. 962.61170 


0.382891.49729 


1,11440 


0.47 


1.59999 


0.62500 


1.11250.0.48750 


0.972.63794 


0.37908 1.60861 


1,12943 


0.48 


1.61607 


0.61878 


1.117430.49865 


0.982.66446 


0.375311.51988 


1.14457 


0.49 


1.63232 


0,61283 


1.12247 0.50985 


0.992.69123 


0.371581,53141 


1.15983 


0.50 


1.64872 


0.60653 


1.12763 0.62120 


1.002.71828 


0.367881.54308 


1,17620 
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TABLE XXI 


-(dmHnued) 








^ 


*• 


<■• 


Cwhi 


Sinhi 


' 


«* 


--- 


Cahi 


aiii 


1.00 


2,71828 


0.36788 


1.64308 


1.17520 


1.60 


4,48169 


0.22313 


2.35241 


2.12928 


1.01 


2,74660 


0-36422 


1.65491 


1.19069 


1.51 


4,52673 


0.22091 


2.37382 


2.16291 


1.02 


2,7731910,36059 


1.56689 


1,20630 


1.52 


4,57223 


0.21871 


2,39547 


2.17676 


1,03 


2,80107 


0,35701 


1.57904 


1.22203 


1.63 


4,61818 


0.21664 


2.41736 


2-20082 


1.04 




0,35345 


1.59134 


1.23788 


1.54 


4.66459 


0.21438 


2.43949 


2.22510 


1.05 


2.86760 


0.34994 


1.60379 


1.25386 


1.55 


4,71147 


0.21225 


2.46186 


2.24961 


1.06 


2,88637 


0.34646 


1,61641 


1.28996 


1.56 


4,75882 


0.21014 


2.48448 


2,27434 


1.07 


2,91538 


0,34301 


1.6291911,28619 


1.5- 


4.80655 


0.20805 


2.60735 


2-29930 


1.08 


2,94468 


0.33960 


1.64214 






4,85496 


0.20598 


2.53047 


2.32449 


1.09 


2,97427 


0.33622 


1.65525 


1.31903 


1.59 


4.90375 


0.20393 


2.55384 


2.34991 


1.10 


3,00417 


0.33287 


1.66852 






4.95303 


0.20190 


2.57746 


2.37667 


1.11 


3,03436 




1.68196 


i:36240 


i;61 


5,00281 


0.19989 


2.60135 


2.40146 


1.12 


3,06485 




1,69557 


1,36929 


1.62 


5,05309 


0.19790 


2.62549 


2,42760 


1.13 


3,09666 


0^32303 


1.70934 


1,38631 


1,63 


5,10387 


0.19593 


2.64990 


2.45397 


1,14 


3,12677 


0.31982 


1.72329 


1,40347 


1.64 


5,16517 


0.19398 


2.67457 


2.48059 


1.15 


3,15819 


0.31664 


1.73741 


1,42078 


1.65 


5,20698 


0,19205 


2.69951 


2.50746 


1.16 


3,18993 


0.31349 


1.75171 


1,43822 


1,66 


5,25931 


0.19014 


2.72472 


2.53459 


1.17 


3,22199 


0,31037 


t. 76618 


1.45581 


1,67 


5,31217 


0,18825 


2.75021 


2.56196 


1.18 


3,25437 


0.30728 


1.78083 


1,47365 


1.68 


5,36556 


0,18837 


2.77596 




1.19 


3,28708 


0.30122 


1.79565 


1.49143 


1.69 


5.41948 


0.18452 


2.80200 


2.61748 


1.20 


3.32012 


a. 30119 


1.S1066 


1.60946 


1,70 


5.47395 


0.18268 


2,82S32 


2-64663 


1.21 


3.36348 




1.82584 


1,52764 


1,71 


5,52896 


0.18087 


2.85491 


2.67405 


1,22 


3.38719 


0.29523 


1.84121 


1,54598 


1.72 


5,58453 


0.17907 


2.88180 


2.70273 


1,23 


3,42123 


0,29229 


1.86676 


1.66447 


1,73 


5,64066 


0.17728 


2.90897 


2.73168 


1.24 


3.45561 


0.28938 


1.87250 


1.58311 


1,74 


5,69734 


0.17552 


2.93643 


2.76091 


1,25 


3,49034 


0. 28660 




1,60192 


1,75 


5,75460 


0.17377 


2.96419 


2.79041 


1.26 


3.52542 


0.28365 


1^9045^ 




1.7615 -81244 


0.17204 


2.99224 


2.82020 


1.27 


3.66085 


0.280S3 


1.92084 


i:64001 


1,77;6 -87085 


0.17033 


3.02059 


2.85026 


1.28 


3.59664 


0. 27804 


1.93734 


1,65930 


1,785.92986 


0.18864 


3.04926 


2,88061 


1.29 


3.63279 


0.27527 


1.95403 


1.67876 


1.79j5. 989450-16696 


3.07821 


2.91125 


1.30 


3.66930 


0.27253 


1.97091 




1,806-049650.16530 


3.10747 


2.94217 


i.3i 


3.70617 


0.26982 


1.98800 


l! 71818 


1,816.11045 0.16365 


3.13705 


2.97340 




3.74342 


0.26714 


2.00528 


1.73814 


1,82 6. 17186'0. 16203 


3.16894 


3.00492 


LK 


3.78104 


0.26448 


3.02276 


1.75828 


1,83:6.2338910,16041 


3.19715 


3.03674 


1,34 


3.81904 


0.26185 


2.04044 


1,77860 


1.84 6.29654:0.15882 


3.22768 


3.06886 


1,35 


3,85743 


0.25924 


2.05833 


1,79909 


1,8516-359820,15724 


3.26853 


3.10129 


1.36 


3,89619 


0.25666 


2.07643 


1,81977 


1,8616.423740,15567 


3.28970 


3.13403 


1,37 


3,93535 


0.25411 


2.09473 


1.84062 


1,87 6-488300.15412 


3.32121 


3,16709 


1.36 


3,97490 


0.25158 


2.11324 


1, '86166 




3.35305 


3.20046 




4,01485 


0.24908 


2.13196 




1. 89,6. 61937 0.15107 


3,38522 


3.23415 


1.40 


4,05520 


0.24660 


2.15090 


1,90430 


1,90 6, 686S9!o, 14957 


3.41773 


3,26816 


1.41 


4.09596 


0.24414 


2.17005 


1,92591 


1,916-76309:0.14808 


3.45058 


3.30260 


1.42 


4,13712 


0.24171 


2.18942 


1,94770 


1.92,6-820960.14661 


3.48378 


3,33718 


1.43 


4, 17870 


0.23931 


2.20900 


1,96970 


1,936.8895110-14515 


3.51733 


3.37218 


1.44 


4.22070 


0.23693 


2.22881 


1,99188 


1,94 


6,9587510,14370 


3-65123 


3.40762 


1.45 


4.28311 


0.23457 


2,24884 


2,01428 


1,95 


7,02869'o,14227 


3.68548 


3.44321 


1.46 


4,30596 


0.23224 


2.26910'2,03686 


1.96 


7,09933 0,14086 


3.62009 


3,47923 


1,47 


4,34924 


0.22993 


2,28958,2.05965 


1,97 


7.170680,13946 


3.66507 


3,51561 


1,48 


4.39295 


0,22764 


2.31029 2,(8265 


1,98 


7,24274 0,13807 


3.69041 


3,55234 


1.49 


4,43710 


0.22637 


2,33123 2.10586 


1,99 


7,316330.13670 


3.72611 


3.58942 


1,50 


4.48169 


0.22313 


2,352412,12928 


2,00 


7,38906|o.l3534 


3.76220 


3.62686 
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FORMULAE AND TABLES FOR THE 

TABLE XXII — (Ctmitnurf) 
Exponential and Hyperbolic Fonctions 



' 


^ «-• 


Cobhi 


EHnlii 


« 


>• . .- 


C»bi 


Sinhl 


2.0 


7.389060.13534 


3,76220 


3.62686 


4.0 


54.59820,01832 


27,3082 


27 2899 


2.1 


8.16617 0.12246 


4.14431 


4.02186 


4.1 


60.3403:0.01657 


30,1784 


30'l619 


2.2 


9.025010.11080 


4.56791 


4-45711 


4.2 


66,68630,01500 


33,3507 


33.3357 


2.3 


9.974180.10026 


5.03722 


4.93696 


4.3 


73,69980,01357 


36,8567 


36.8431 


2.4 


11.02320.09072 


5.55695 


5.46623 


4.4 


81, 4509!o, 01228 


40,7316 


40.7183 


2.5 


12, 1825*0.08208 


6.13229 


6,05020 


4.5 


90,0171 


0,01111 


45,0141 


45-0030 


2.6 


13.4637 0.07427 


5,76900 


6.69473 


4,6 


99,4843 


0,01005 


49,7472 


49.7371 


2.7 


14.8797,0.06721 


7.47347 


7.40626 


4.7 


109,947 


0,00910 


54,9781 


54,9690 


2.8 


16.44460.06081 


8.25273 


8.19192 


4.8 


121.510 


0,00823 


60.7593 


60.7511 


2.9 


18.17410.06502 


9,11458 


9.05956 


4,9 


134.290 


0.00745 


67.1486 


67.1412 


3.0 


20. 085S|0- 04979 


10.0677 


10.0179 


6.0 


148,413 


0,00674 


74,2099 


74.2032 


3.1 


22.19800.04505 


11.1215 


11.0765 


5,1 


164.022 


0,00610 


82,0140182.00791 


3.2 


24,5325:0.04076 


12.2866 


12.2459 


5,2 


181.272 


0,00552 


90,6388 


90.6333 


3.3 


27.1126;0-03688 


13.5747 


13,5379 


5,3 


200,337 


0,00499 


100,171 


100.167 


3.4 


29.96410.03337 


14.9987 


14.9654 


5.4 


221,406 


0,00452 


110,705 


110.701 


3.5 


33. IISS'0. 03020 


16.5728 


16.5426 


5.5 


244,692 


0,00409 


122,348 


122.344 


3.6 


36,59820,02732 


i8.3i:s 


18.2855 


5,6 


270,426 


0.00370 


135,216 


135,211 


3.7 


40.4473,0.02472 




20.2113 


5,7 


298,867 


0,00335 


149,435 


149-432 


3.8 


44.7012,0,02237 


22,3618 


22.3394 


5,8 


330,300 


0,00303 


165,151 


165,148 


3.9 


49,4024 0.02024 


24.7113 


24.6911 


5.9 


365.037 


0,00274 


182,620 


182.517 


4.0 


54. 5982J0. 01832 


27.3082 


27.2899 


8.0 


403.429 


0.00248 


201,716 


201.713 
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TABLE XXni 
TRtQONOUErraic FpKcnoNS 



^ 


Cosx 


8b., 


' 


C«i 


Sin, 




™, 


Sill 


0.20 


0.9801 


0.1987 


0.82 


06822 


0.7311 1 


44 


0.1304 


0.9915 


0.22 


0.9759 


0.2182 


0.84 


0!6675 


0.7446 1 


46 


0.1106 


0.9939 


0.24 


0.S713 


0.2377 




0.6524 


0.7578 1 


48 


0.0907 


0.9959 


0,26 


0.9664 


0.2571 




0.6371 


0,7707 1 


50 


0.0707 


0.9975 


0.28 


0.9611 


0.2763 


0:90 


0.6216 


0.7833 1 


52 


0.0508 


0.9987 


0.30 


0.9553 


0.2956 


0.92 


0.6059 


0.7956 1 


54 


0.0308 


0.9995 


0.32 


0.9493 


0.3145 


0.94 


0,5898 


0.8076 1 


56 


0.0108 


0.9999 


0.34 


0.9428 


0.3335 


0.96 


0.6735 


0.8192 1 


58 


-0.0092 


0.9999 


036 


0.0359 


0.3522 


0.98 


0.5590 


0.8305 1 


60 


-0.0292 


0.9995 




0.9287 


0.3709 


1.00 


0.5403 


0,8415 1 




-0,0492 


0.9988 


0^40 


0.9211 


0.3894 


1,02 




0.8521 1 


64 


-0.0692 


0.9976 


0.42 


0.9131 


0.4078 


1.04 


0^5062 


0.8624 1 


66 


-0.0891 


0.9960 


0,44 


0.9048 


0.4259 


1.06 


0.4889 


0,8724 1 




-0.1090 


0.9940 


046 


0.8961 


0.4439 


1.08 


0.4713 


0.8820 1 


70 


-0.1289 


0.9917 


0.48 


0.8870 


0.4618 


1.10 


0.4536 


0.8912 1 


72 


-0.1486 




0.50 


0.8776 


0.4794 


1.12 


0.4357 


0,9001 1 


74 


-0.1684 


0-9857 


0.52 


0.8678 


0.4963 


1.14 


0.4176 


0,9086 1 


76 


-0.1881 


0.9822 


0.54 


0.8577 


0.5137 


1.16 


0.3993 


0.9168 1 


78 


-0.2076 


0.9782 


0.56 


0.8473 


0.5312 


1.18 




0.9246 1 


80 


-0,2272 


0.9738 


0.58 


0.8365 


0.5479 


1,20 


0^3624 


0.9320 1 


82 


-0.2466 


0.9691 


0.60 


0.8253 


0.5646 


1.22 


0.3436 


0.9391 1 


84 


-0.2660 


0-9640 


0.62 


0.8I3S 


0.5810 


1.24 


0.3248 


0.9458 1 


86 


-0.2852 


0.9586 


0.64 


0.8021 


0.5972 


1.26 


0.3058 


0.9S21 1 




-0.3043 


0.9526 


0.66 


0.7900 


0.6131 


1.28 


0.2867 


0.9580 1 


90 


-0.3233 


0-9463 




0.7776 




1.30 


0.2675 


0.9636 1 


92 


-0,3422 


0.9396 


0^70 


0.7648 


0^6442 


1.32 


0.2482 


0.9687 1 


94 


-0.3609 


0.9326 


0.72 


0.7518 


0.6594 


1.34 


0.2287 


0.9735 1 


96 


-0.3795 


0.9252 


0.74 


0.7384 


).6743 


1.36 


0.2093 


0.9n9 1 


98 


-0.3979 


0.9174 


0.76 


0.7248 




1.38 


0.1896 


0.9817 2 


00 


-0.4162 


0.9093 


0.78 


0.7109 


)!7033 


1.40 


0.1700 


0.9855 








0.80 


0.6967 


0.7174 


1.42 


0.1502 


0.9887 
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TABLE XXIV 

BiNOUIU. COEFTICIENTa POB INTERPOLATION Br DlFTTBEBNCBS 

(For use in interpolation formula) 



■ 


CoeBicieDUof 


■ 


Coefficients ol 


■ 


Coefficioatsol 


.76 


Coefficienta or 


a, 


a, 


lit 


A, 


i. 


a. 


a, 


^ 


.01 


-.005 


+ 003 


.26 


-.096 


+ ,056 


.51 


-.125 


+ .062 


-.091 


+ 038 


.02 


-,010 


+ .006 


,27 


-.099 


+ .057 


,52 


-.125 


+ ,062 


.77 


-,089 




.03 


-.015 


+ .010 


,28 


-101 


+ ,058 


.63 


-.125 


+ ,061 


,78 


-,086 


+ ,035 


.04 


-.019 


+ .013 


.29 


-.103 


+ .069 


.54 


-.124 


+ ,060 


.79 


-.083 


+ .033 


.05 


-.024 


+ .015 


,30 


-.105 


+ .060 


.55 


-.124 


+ ,060 


.80 


-.080 


+ ,032 


,06 


-.028 


+ ,018 


,31 


-.107 


+ .060' 


.56 


-,124 


+ .059 


.81 


-.077 


+ ,031 


.07 




+ .021 


,32 


-.109 


+ .061 


.57 


-.123 


+ ,058 


,82 


-,074 




.08 


-.037 


+ ,024 


,33 


-.111 


+ .062 


.58 


-.122 


+ ,058 


,83 


-.071 


+ .028 


.09 


-.041 


+ ,026 


,34 


-.112 


+ .062 


,59 


-,121 


+ ,057 


,84 


-,067 


+ .026 


.10 


-.045 


+ ,028 


.35 


-.114 


+ .063 


,60 


-,120 


+ ,056 


,85 


-,064 


+ ,024 


.11 


-.049 


+ ,031 


.36 


-.116 


+ .063 


.61 


-.119 


+ .055 


.86 


-,060 


+ ,023 


.12 


-.053 


+ ,033 


,37 


-.117 


+ .063 


,62 


-118 


+ ,054 


.87 


-,057 


+ .021 


.13 


-.057 


+ ,035 




-.118 


+ .064 


.63 


-.117 


+ ,053 




-.053 


+ .020 


.14 


-.060 


+ ,037 


^39 


-.119 


+ .064 


,64 


-.115 


+ ,052 




-,049 


+ .018 


.15 


-.064 


+ .039 


.40 


-,120 


+ ,064 


.65 


-.114 


+ ,051 


!90 


-,045 


+ .016 


.16 


-.067 


+ .041 


.41 


-.121 


+ .064 


,66 


-.112 


+ ,050 


,91 


-.041 


+ ,016 


.17 


-.071 


+ ,043 


.42 


-,122 


+ ,064 


.67 


-.111 


+ ,049 


,92 


-.037 


+ .013 


.18 


-.074 


+ .045 


.43 


-.123 


+ ,064 


,68 


-.109 


+ .048 


.93 




+ .012 


.19 


-.077 


+ ,047 


,44 


-.123 


+ .064 


,69 


-107 


+ ,047 


.94 




+ .010 


,20 


-.080 


+ .048 


.45 


-.124 


+ .064 


.70 


-.105 


+ .045 


.96 


-!024 


+ .008 


.21 


-,083 


+ ,049 


.46 


-.124 


+ .064 


.71 


-,103 


+ ,044 


,96 


-.019 


+ ,007 


.22 


-.086 


+ .051 


.47 


-.125 


+ .064 


.72 


-.101 


+ .043 


.97 


-,015 


+ .006 


.23 


-,089 


+ ,052 


.48 


-.125 


+ .063 


-73 


-.099 


+ ,042 


,S8 


-,010 


+ .003 


,24 


-,091 


+ ,053 


,49 


-.125 


+ .063 


.74 


-,096 


+ .040 


.99 


-.005 


+ .002 


-25 


-,094 


+ .055 


.50 


-.125 


+ .063 


.75 


-.094 




1-00 


-.000 


+ ,000 
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Abraham, M., 190. 
Agnew, P. G., 167. 169. 
AlexandersoQ, E. F., 40. 
Alternating current circuits, 129, 
Antennae horizontal, capacity of, lOS. 
Attenuation constant of line, 202. 

of loaded line, 203. 

of non inductive line, 204. 
Attraction between circular currents, 

SI. 
Arrival curves on cables, 235. 
Average value of alternating wave, 
128. 

Beoischke, 160. 
Bethenod, J., 160. 
Berg, £. J., 24. 
Blondel, A., 263. 

Brooke Morgan and H. M. Turner, 
69. 

Gable, alternating current reeistance, 
7. 

grounded lead coverii^, effective 
resistance and reactance, 23. 

c^iacity of, HI. 

transatlantic, arrival curves, 235. 

transatlantic, current and volt- 
age distribution, 232. 
Capacity, parallel or series arrange- 
ment, 87. 

of parallel plate condenser, 88. 

or concentric spheres, 90. 

of disk insulated in free space, 91. 

of linear conductors, 94. 

of overhead wires, 94. 

of grounded wires, 96. 

of looped conductor, 100. 

coefficients of two spheres, 91. 

of t'ffo metallic circuits suspended 
on the same pole, 105. 



Capacity of three-phase transmission 

lines, 106. 
• of horizontal antennae, 108. 
of concentric cylinders, 109. 
of concentric cables, 102. 
of two core cable, 115. 
of three core cable, 117. 
specific inductive of solids, table, 

123. 
specific inductive of liquids, table, 

125. 
distributed, 200. 
Charging condenser, current and 
voltage, logarithmic case, 176. 
Chargii^ condenser, current and 

voltage, critical case, 178. 
Charging condenser, current and volt- 
age, trigonometric case, 178. 
Circles coasal, mutual inductance 

(rf, 48. 
Circular currents, attraction between, 

51. 
Circultu' ring, self-inductance of, 59. 
Circuits, alternating current, 129. 
in parallel, each branch con- 
taining inductance and resist- 
ance, 136. 
in parallel, each branch having 
inductance, capacity and re- 
sistance, 142. 
in parallel, mutual inductance be- 
tween the circuits, 143. 
containing capacity and resist- 
ance, current rise on closing, 174. 
cont^ning inductance and resist- 
ance, current rise on closing, 
171. 
divided, values of tran^ent cur- 
rents, 186. 
having mutual inductanoe, values 
of transient currents, 190. 
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Coil, BiEgle layer, self inductAiice of, 

56, 
circular, rectaagukr section, self 

induct&Dce of, 5S. 
solenoid, single layer, self induc- 
tance of, 56. 
solenoid, several layers, self in- 
ductance of, 58. 
Goila, alternating current resistance 
of, 14. 
coaxial, mutual inductance of, 52. 
Coils, toroidal, magnetic flux distri- 
bution in iron core of, 39. 
toroidal, self-inductance of, 63. 
Coefficient of coupling, 195. 
Cohen, Louis, 15, 48, 68, 69, 75, 105, 

108. 
Gompleic waves, effective value of, 
128. 
waves, power factor of, 145. 
quantities, formulae, 267. 
Concentric conductors, resistance of, 
9. 
conductors, hollow inner core, 

resistance of, II. 
conductors, self inductance of, 71. 
cable, capacity of, 112. 
Condenser charge and discharge, 
logarithmic case, 176. 
charge and discharge, critical case, 

178. 
charge and discharge, trigonometrio 
case, 178. 
Conductance leakage, between cyl- 
inder and infinite plane, 27. 
leakage, concentric cylinders, 29. 
Conductor return, alternating cur- 
rent resistance, 7. 
concentric, alternating current re- 
aiatance, 9. 
Conductors cylindrical, alternating 
current resistance, 2. 
cylindrical, high-frequency resist- 

cylindrical, current penetration, 6. 
flat, alt^nating current resist- 
flat, current penetration, 13. 



Conductors slot wound, alternating 
current resistance, 18. 

enclosed in iron pipes, eddy current 
losses, 20, 

linear, leakage conductance, 27. 

linear, inductance of, 54. 

linear, mutual inductance of, 68. 

split, inductance of, 69. 

concentric, inductance of, 71. 

compound, inductance of, 73. 

linear, capacity of, 94. 
Coupling coefficient, inductive 195. 

direct, 197. 
Coupli:^ for maximum current in 
secondary of a resonance trans- 
former, 191. 
Cramp W. and C. F. Smith, 165. 
Current penetration in flat con- 
ductors, 13. 

penetration in cylindrical con- 
ductoTB, 6. 

maximum in secondary of reso- 
nance transformer, 161. 

rise in inductive circuit, 172. 

decay in inductive circuit, 173. 

nse on closing an alternating 
current inductive circuit, 174. 

rise on closing a circuit containing 
resistance and capacity, 174. 

effective value of oscillatory dis- 
charge, 181. 

and voltage propagation on long 
lines, general equations, 201. 

distribution on long line, general 
solution, 212. 

rise on cables, 232. 
Curve factor, 129. 

Cylinders, concentric, leakage con- 
ductance, 29. 

concentric, self-inductance of, 71. 

concentric, capacity of, 109. 

iron, magnetic flux distribution, 
35. 

concentric, resistance of, 9. 

Damping factor, oscillatory dis- 

chai^, 178. 
Decrement, bgarithniic, 130. 
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Direct coupling, 197. 

I>istTibuted inductance and capacity, 

200. 
Divided circuits, traoaient temis on 

changing resistance in either 

branch, 186. 
Drude, P., 194. 

Eddy current, ene^y losses in iron 
plat«s, 30. 
current, energy losses in iron 

cylindera, 36. 
current, energy loss in an iron 
pipe enclosing conductor carry- 
ii^; on alternating current, 20. 
Effective resistance and reactance ot 
grounded lead covered cable, 24. 
Effective value of current, oscilla- 
tory discharge, 181. 
Efficiency iron core transformer, 166. 

in power transmission, 147. 
Empirical formula for the calculation 
of the self-inductance of coils, 
59. 
Equations, general, for current and 
voltage propagation on wires, 
201. 
Easau, A., 18. 

Exponential and hyperbolic func- 
tions, table, 272. 
and logarithmic formulae, 261. 

Field, A. B., 18. 
Field, M. B., 22. 

Flat conductors, alternating current 
resistance of, 13. 
oonductora, current distribution, 
12. 
Fleming, J. A., 2, 88, 175, 194. 
Feppl, A., 190. 

Form factor, current wave, 129. 
Formulae in complex quantities for 
power transmission calculations, 
220. 
exponential and logarithmic, 264. 
hyperbolic, 266. 
mathematical, 264. 
trigonometric, 265. 



Formulae for complex quantities, 267. 

interpolation, 270. 

miscellaneous, 269. 
Functions, miscellaneous, 269. 
Fowle, F. F., 74, 94. 
Frequency of oscillatory discharge, 

179. 
Frequencies, oscillation transfcmner, 
196. 

direct coupled circuits, 198. 

Gray, Andrew, 133. 

Heaviside, O., 68, 94. 
Hyperbolic formulae, 266. 
Hyperbohc functions, table of, 243. 

Impedances in series, 133. 
Inductance and resistance shunt«d 
by a condenser, current distri- 
bution, 137. 

mutual, two coaxial circles, 48. 

mutual, two coaxial coils, 52. 
Inductance mutual, concentric coax- 
ial solenoids, 64. 

mutual, rectangles, 62. 

self, single layer coil, 56. 

seH, correction for thicknees of 
insulation on windings, 57. 

self, circular coil of rectangular 
section, 58. 

Belt, solenoid of several It^ers, 
58. 

self, circular ring, 59. 

self, rectangle, 62. 

self, toroidal coil, 63. 

self, empirical formula, 59. 

linear conductors, 64. 

three-phase transmission lines, 66. 

grounded conductors, 68. 

of two parallel hollow cylindrical 
conductors, 70. 

concentric conductors, 71. 

series or parallel arrangemeat, 75. 

of wires in parallel, 76. 

table of values giving end cor- 
rection of inductance of coils, 80. 

effective, transformer, 160. 
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Inductive toad shunted by condenser, 

13d. 
Inductive circuit, current rise, 172. 
Induction, distribution in iron pipe 
enclosing an alternating current, 
20. 
magnetic Sux in iron plates, 31. 
m^netic flux in iron cylinders, 36. 
Interpolation formula, 270. 
Iron, magnetic flux distribution and 
eddy current loaaca, 30. 

Karapetoff, V., 107, 165. 

KenneUy, A. E., 28, 95, 100, 103, 263. 

Kirchoff, G., 88. 

LaCour, J. L., and O. S. Brag^tad, 

7, 68, 128, 144, 187. 
Leakage conductance, 27. 
Lichtenstein, L., ill. 
Lines transmission, tranHient terms 
on short circuiting load or 
generator, 188. 
Line infinite, current and voltage 
digtribution, 213. 
finite length open at receiving end, 
current and voltage distribution, 
214. 
grounded at receiving end, 217. 
short circuited at receiving end, 

218. 
oscillations, 236. 
Load, inductive shunted by con- 
denser, 139. 
Logarithmic charge and discharge, 
176, 
decrement, 180. 

current rise on cloeing an alter- 
nating current circuit, 185. 
formulae, 264. 
Logarithms, naperian, table of, 271. 

Magnetic flux distribution in iron 

plates, 31. 
flux distribution in iron cylinders, 

35. 
flux distribution in iron core of 

toroidal coil, 3d. 



Mathematical formulae, 264. 
Maxwell, C, 91, 159. 
Mie, G., 8. 

Miller, W. E., 223, 243. 
Miscellaneous formulae, 269. 
functions, 269. 



Oberleck, A., 194. 
Oscillatory discharge, 178. 

discharge, effective value of cur- 
rent, 181. 
current rise on closing an altei^ 
nating current circuit, 183. 
Oscillation transformer, 194. 
Oscillations on line grounded at one 
end and open at the other end, 
237. ' 

on line grounded at both ends, 

239. 

on line open at both ends, 240. 

on line closed upon itself, 241. 

Pedersen, P. 0., 4, 65. 

Pender, H., and H. S. Oebome, 100. 

Perrine, F. A. C, and F. G. Baum, 

106, ISO. 
Pierce, G. W.,160. 
Power factor, 144, 

factor, complex wave, 145. 
maximum supply, 147. 
transmission, efiiciency, 147. 
transmission, inductive load, 148. 
transmission, line capacity ne- 
glected, 151. 
transmission, Une capacity shunted 
acrcss the middle of the line, 153. 
transmission, half line capacity 
shunted across each end of hne, 
155. 
transmission calculations, hyper- 
bolic formulae, 222. 
transmLBsion calculations, approxi- 
mate formulae, 222. 
transmission, generator voltage and 
impedance at receiving end 
given, 226. 
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formulae ex- 
pressed in complex quEiutiliGa, 
220. 
Pupin, M. I., 263. 

Rayleigh, Lord, 3, 143. 

Reacta,Dce effective, grounded lead 

covered cable, 23. 
Resiataace, cylindrical conductors, 2. 
h^h-Erequency, cylindrical wtn- 

ductors, 3. 
general formula for cylindrical 

conductors, i. 
curves showing change in resist- 
ance of copper wire for alternat- 
ing currents, 5. 
return conductor, 7. 
concentric conductor, 9. 
alternating current of flat con- 
ductors, 12. 
alternating current of coils, 14. 
slot wound conductors, 18. 
effective transformer, KiO. 
effective gcrounded lead covered 
cable, 23. 
Resistance effective, ungrounded lead 
covered cable, 25. 

3 due to eddy currents in 
a core of toroidal coil, 40. 
e due to iron core in cylin- 
drical coil, 36. 
specific, of metallic wires, 47. 
R^culation iron core transfonner, 167. 
Resonance in alternating current 
circuits, 129. 
transformer, 160, 102. 
Roeasler, G., 2fi3, 
Root, mean square value of altcrnat- 



Sommerfeld, A., 16. 

tjphcres concentric, capacity of, 90, 

capacity coefficients, 91. 
Specific inductive capacity of solids, 
123. 

inductive capacity of liquids. 125. 

resistance of metallic wires, 7. 
Steimnetz, C. P., 12, 31, 137, 150, 

165, 185, 190, 263. 
Stone, J. S., 100. 



Thomas, P. H., 150. 
Thomson, J. J., 6, 143. 
Transformer, air core, 15 



condenser in primary circuit, 163. 
iron core, general design formula, 

165. 
the current, 169. 
effective resistance of, 160. 
effective reactance of, 160. 
condition for resonance, 162. 
Transformer, efficiency formula, 166. 
regulation tonnula, 167. 
oscillation, 194. 
Transformation ratio, potential trans- 
tormer, 1G6. 
ratio, current transformer, 169, 
Transmission lines, Iransient current 
and voltage on short circuiting 
load or generator, 188. 
of power, see power transmission, 
lines, see inductance and capacity 
of lines. 
Trigonometric formulae, 265. 

functions, table of, 275. 
Turner, H. M,, see Brooks, Mor- 
gan. 



Sribt, G., 197. 

Solenoids, coaxial, mutual induc- 
tance of, 54. 

self inductance of, 56. 



Vasehy, A., 74. 

Velocity of propagation of elec- 
tromagnetic waves on wires, 
202. 
of propagation on loaded lines, 
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Velocity o( propagation on nonindue- 

tive lines, 204. 
Voltage distribution on lines, general 
solution, 212. 

rise on cables, 232. 

rise on transmisaion line on sbort- 
circuitiog load, 189. 

transformation in iron core trans- 
former, 196. 

tran^fcrmation in oscillation trauH- 
former, 169. 



Wien, M., 15. 

Wire, copper, depth of alternating 
current penetration, 7. 
copper, alternating current re- 

sifltance curves, 5. 
aluminum, depth of alternating 

current penetration, 7. 
iron, depth of alternating current 
penetration, 7. 
Wave length constant of line, 
202. 
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